Viscous wing theory development. Volume 1: Analysis, method and results by Chow, R. R. et al.
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
NASA Contractor Report 178156 -- Volume I 
N87-10043 ;iASA-CE-178156) V I S C O U S  WING ‘IHEOBY 
E E S U L I S  Final Report (Grummn Aerospace 
Corp.) 127 p CSCL O l A  Unclas  
DEVELOPRENT. VOEUClE 1 A N A L Y S I S ,  HETHOD A N D  
G3/02 44358 
Viscous Wing Theory Development, 
Volume I -- Analysis, Method, and 
Resu Its 
R.R. Chow, R.E. Melnik, F. Marconi, J. Steinhoff 
Grumman Corporate Research Center 
Beth page, NY 11 71 4-3580 
Contract NAS1-16858 
October 1986 
m 
National Aeronautics and 
Space Administration 
Langley Research Center 
Hampton, Virginia 23665-5225 
https://ntrs.nasa.gov/search.jsp?R=19870000610 2020-03-20T13:59:08+00:00Z
REPORT RE-725 
VISCOUS WING THEORY DEVELWUENT 
VOLW I - ANALYSIS, CETHOO AND RESULTS 
OCTOBER 1986 
prepared by 
R.R. Chow, R.E. Melnik, F. Marconi, J. Steinhoff  
F l u i d  Mechanics Di rectorate 
Grumman Corporate Research Center 
Bethpage, New York 11714-3580 
F ina l  Report on Contract No. NAS1-16858 
prepared f o r  
Langley Research Center 
National Aeronautics and Space Administrat ion 
Hampton, V i rg in ia  23665-5225 
Approved b 
CONTENTS 
I 
1 
I 
1 
i 
I 
Section 
1 . 
2 . 
3 . 
4 . 
I 
1 
I 
5 . 
Page . 
INTRODUCTION ................................................. 3 
VISCOUS WING THEORY . BACKGROUND ............................. 8 
3.1 Introductory Remarks . I n v i s c i d  Flow .................... 
3.2 3-0 Boundary Layer A Viscous Wake Theory ................ 
3.3 "Zonal" Approach to Solutions o f  3-D Viscous Flow 
on ~ n g s  ................................................ 
8 
9 
11 
NUMERICAL METHODS 12 ............................................ 
4.1 
4.2 
4.3 
I n v i  s c i d  Computational Procedure ........................ 
4.1.1 Basic Equations f o r  3-D I n v i s c i d  Flow ............ 
4.1.2 Boundary Conditions .............................. 
4.1.3 Disc re t i za t i on  ................................... 
4.1.4 AFZ Scheme ....................................... 
4.1.5 F i t t e d  Wake Calculat ion .......................... 
Solut ion o f  3-0 Boundary Layer & tlake ................... 
4.2.1 Coordinate System & Governing Equations .......... 
4.2.2 Character is t ics  & Compati b i l  i ty Equations ........ 
4.2.3 Numerical In tegrat ion o f  Boundary Layer 
Equations ........................................ 
4.2.4 Special Considerations ........................... 
I t e r a t i v e  Solut ion to Visc id- Inv isc id  In te rac t i on  
Analysis ................................................ 
4.3.1 Transpirat ion Coupling condi t ions f o r  I n v i s c i d  
4.3.2 Uake Curvature Effects ........................... 
4.3.3 
4.3.4 Global I t e r a t i o n  Strategy f o r  I n te rac t i on  
Solut ion ......................................... 
F1 ow Boundary Condi ti ons ......................... 
Trai  1 i ng Edge Corrections ........................ 
RESULTS ...................................................... 
5.1 Numerical Results o f  I n v i s c i d  Flow ...................... 
5.2 Viscous In te rac t i on  Results ............................. 
5.2.1 
5.2.2 Reynolds Number Dependence o f  Viscous Wing 
Solut ion ......................................... 
Boundary Layer Trans1 t i o n  Assignment ............. 
12 
12 
14 
17 
21 
24 
30 
30 
35 
39 
41 
42 
42 
44 
46 
48 
51 
51 
53 
54 
55 
iii . PME BLANK NOT FILMED 
CONTENTS (contd) 
Section 
6 .  
7. 
5.2.3 Sol u t i  on for  Pressure & Section L i  f t  
D i  s t r i  butions & Compari son with Experiment.. . . . . . 
5.2.4 Boundary Layer & Wake Solutions.. . . . . . . . . . . . . . . . . 
CONCLUSIONS.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
i v  
Page -
55 
57 
59 
61 
1 
1 
1 
1 
1 
1 
1 
1 
1 
Figure 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
* 15 
16 
17 
18 
19 
20 
21 
22 
23 
ILLUSTRATIONS 
Coordinate Systems ........................................... 
Boundary o f  C-Mesh i n  Z = Constant Plane ..................... 
F i  n i  t e  Vol ume Formul a t i o n  .................................... 
F i t t e d  Wake Coordinates . Physical P1 ane ..................... 
F i  t t e d  Wake Coordi nates . Computational P1 ane ................ 
Wake Curvature Cal cu l  a t i o n  ................................... 
Study of Lockheed Wing A Results. M. . .  82 ................... 
Coordinate System f o r  3-D Boundary Layers .................... 
E f f e c t  o f  Metr ic Coef f ic ients  on 3-D Boundary Layer and 
Wake Solut ion ................................................ 
Transpi r a t i o n  Boundary Conditions f o r  f i  n i  t e  Vol ume 
In te rac t i on  Scheme ........................................... 
Convergence H is to ry  o f  No . o f  Supersonic Points  & Wing 
Ro t t  C i  r c u l  a t i on  ............................................. 
View o f  Wing ................................................. 
Surface Pressures. Nonl i ft i ng Case ........................... 
Comparison w i  t h  Experiment. Nonl i f t i  ng Case .................. 
Convergence Compari son: Surface Pressure. Nonl i f t i  ng Case ... 
Convergence Compari son: Average Residual . Nonl i f t i  ng Case ... 
Development o f  Supersonic Zone. Nonl i f t i  ng Case .............. 
Surface Pressures. L i f t i n g  Case .............................. 
Compari son w i t h  Experiment. L i  f ti ng Case ..................... 
Convergence Comparison: Surface Pressure. L i  f t i  ng Case ...... 
Convergence Compari son : Average Residual . L i  f t i  ng Case ...... 
Development o f  L i f t  Mid-span. L i f t i n g  Case ................... 
Sample Wing. M, = 0.9, a = 8 O . .  .............................. 
V 
Page 
65 
. 
65 
66 
67 
67 
68 
69 
71 
71 
72 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
F i  gure 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
Sample Wing 2, M, = 0.9, a = 8'. .. . . . . . . . . . . . . . . . . . . . . . , . ... 
Comparison of Far F i e l d  Boundary Conditions Lockheed Wing A, 
M, = 0.82m a = 1.5'..................... 
Comparison of 1 s t  and 2nd Order A r t i f i c i a l  V iscos i ty  Lockheed 
Wing A, M,= 0.82, a = 1.5'. ................................. 
Lockheed Wing A .............................................. 
Lockheed Wing B. ............ ........ ....... . ... .. ... ......... 
Reynolds Number Dependence o f  V i  scous W i  ng Sol u t i  on.. . . . . . . 
Convergence History o f  No. o f  Supersonic Points & Wing Root 
Circulation.................................................. 
Convergence History o f  Last Viscous F loat ing Wake Point  a t  
Wing Root ~ction............................................ 
Converged F loat ing Wake a t  Wing Root Section ................. 
Comparisons o f  Sect1 onal Pressure D i  s t r i  but1 ons f o r  Lockheed 
Wing A....................................................... 
Comparisons o f  Span Load D i s t r i b u t i o n  f o r  Lockheed Wing A.. . . 
Converged Viscous Wing Solut ion - Surface Isobars............ 
Comparisons o f  Sectional Pressure D i  s t r i  b u t i  ons f o r  Lockheed 
Wing B .... .. . . .. . .. . . . . . . . . . . . .. .... . . . . . .. . . . . . . . . . . . .. . ... 
Comparisons o f  Span Load D i s t r i b u t i o n  f o r  Lockheed Wing 6... .  
D i  spl  acement Thickness D i  s t r i b u t i o n  a t  Mid-Hal f-Span Stat ion 
Momentum Thickness D i s t r i b u t i o n  a t  Mid-Hafl -Span Station.. . . . 
Lower Uing Surface Skin F r i c t i o n  D i s t r i b u t i o n  a t  Mid-Half- 
Span ~ction................................................. 
Shape Factor ( fl) D i s t r i b u t i o n  a t  Mid-Hal f-Span Section.. . . . . . 
Converged Isoc l ines f o r  Viscous W i  ng Solution.. . . . . . . . . . . . . . 
Page 
86 
-
88 
89 
94 
94 
95 
95 
96 
96 
97 
100 
101 
102 
105 
105 
106 
106 
107 
108 
v i  
Table -
1 
TABLES 
Page 
111 
112 
113 
114 
-
Transi t ion Run Results Using Lockheed Wing A ................. 
Transit ion Run Results Using Lockheed Wing A ................. 
Computed Forces Results f o r  Lockheed Wing A.. ................ 
Computed Forces Results for  Lockheed Wing B .................. 
v i  i 
1. SUMMARY 
I 
I 
1 
I 
1 
I 
a 
M 
I 
I 
m 
I n  t h i s  report,  we have described a method f o r  the computation o f  viscous 
transonic flows over 3-D wings using a zonal approach t o  t r e a t  the v i sc id -  
i nvi  sc id  in teract ions.  The chord Reynol ds number was considered 1 arge and the 
boundary layer  was assumed t o  be predominantly turbulent.  For the i n v i s c i d  
flow computation, a parabolic coordinate mapping was used i n  conjunction w i th  
a f i n i t e  volume formulation o f  the conservative f u l l  potent ia l  equation. A 
new numerical-AFZ scheme was developed f o r  the 3-D i n v i s c i d  f low so lut ion t o  
replace the SLOR scheme. A special f a r  f i e l d  asymptotic boundary condi t ion 
was derived t h a t  gave more accurate resul ts  and be t te r  convergence 
performance. 
supersonic zone rendering the computation formal l y  second-order everywhere 
except a t  the captured shocks. f o r  the 3-D boundary l aye r  ca lcu lat ion,  the 
i ntegral  method o f  Myri ng-Smi th-Stock was extensi vely modi f i ed and made 
su i tab le  for  our i n t e r a c t i o n  calculat ion. 
i n t o  account and the viscous wake solut ion was computed beyond the t r a i l i n g  
edges. The i n t e r a c t i o n  ca l cu la t i on  was formulated with a set  o f  coupling 
condi t ions t h a t  included the proper source f l u x  d i s t r i b u t i o n  due t o  the 
surface boundary layers on the wing, the  f l u x  jump d i s t r i b u t i o n  due to the 
viscous wake and the viscous wake curvature e f f e c t .  Transpirat ion boundary 
condi t ions were used f o r  the i n v i s c i d  f low boundary condi t ions f o r  the coupled 
calculat ions.  I n  addit ion, a method was devised so t h a t  the r e s u l t s  o f  the 
t r a i l i n g  edge strong i n t e r a c t i o n  solut ion i n  our 2-D viscous a i r f o i l  analysis 
could be adapted f o r  the normal pressure correct ion near the t r a i l i n g  edge 
region. The wake surface ( t h a t  i s ,  a f i c t i  t i ous  surface imbedded i n  the 
viscous wake) was f l oa ted  such t h a t  the converged so lut ion coincides with the 
i n v i s c i d  f low stream surface. A computer program was wr i t t en  t o  perform 
calcu lat ions inc lud ing a l l  the above mentioned e f fec ts  i n  a f u l l y  automated 
manner. A standard case o f  ca lcu lat ion i s  represented by data inputs  o f  wing 
geometry, section ordinates, freestream Mach number, angle o f  at tack and mean 
chord Reynolds number. Three versions o f  the source language code o f  the 
computer program were prepared. One scalar version i s  to be used on the IBM- 
3081 computer, and two vectorized versions are to be used f o r  the computers 
Cyber-205 and Cray-1s. 
I n  addi t ion,  a second order a r t i f i c i a l  v i scos i t y  i s  used i n  the 
The wing thickness e f f e c t  was taken 
For engineer1 ng requirements, a t yp i ca l  case o f  
1 
calculation for  a viscous solution usually takes about 5 minutes of CPU 
computing time on a Cray-1S computer. 
Volume 2 of this report - "GRUMWING User's Manual". 
been t e s t  run  on the Lockheed Wing A - a transonic supercrit ical  transport  
wing ,  and on the Lockheed Wing B - a h igh  subsonic cruise f ighter  wing. 
addition, many check calculations have been carried out w i t h  the basic AFZ 
inviscid code. 
include a large degree of wing twist, and calculations for a more complex 
swept wi  ng desi gned a t  Grumman Aerospace Corporati on. 
Details Of the program can be found i n  
The viscous program has 
I n  
These include computations over an ONERA-M6 wing modified t o  
2 
2 INTRODUCTION 
There has been steady progress i n  the computation o f  i n v i s c i d  transonic 
f lows i n  the decade fo l lowing the o r ig ina l  cont r ibut ion o f  Mumnan and Cole i n  
1971. Recent developments (reviewed i n  Ref. 1-3) have l e d  t o  fast ,  r e l i a b l e  
and accurate methods f o r  solv ing the f u l l  potent ia l  f low equation using AD1 
and mu1 t i g r i d  techniques f o r  transonic flows over a i r f o i l s ,  wings and 
re1 a t i  vel  y compl ex wi ng-body combi n a t i  ons . Major advances have a1 so been made 
i n  the so lu t i on  o f  the f u l l  Euler equations using m u l t i g r i d  and Runge-Kutta 
techniques. The a v a i l a b i l i t y  o f  these codes coupled wi th  advances i n  
computers has revol u t i o n i t e d  the aerodynamic design process so t h a t  
computational methods cu r ren t l y  have a central  r o l  e i n  aerodynamic desi gn . 
It i s  o f  course well  known t h a t  viscous e f f e c t s  are important i n  most 
aerodynamic flows o f  i n te res t ,  p a r t i c u l a r l y  a t  transonic speeds, and must be 
included i n  the theoret ica l  formulation to be useful f o r  p rac t i ca l  design 
appl icat ions.  
reported i n  the papers o f  Ref. 4 showed the inadequacies o f  purely i n v i s c i d  
methods f o r  p rac t i ca l  wing design a t  transonic speeds. A t  the high Reynolds 
numbers o f  i n t e r e s t  i n  most aerodynamic problems the f low f i e l d  i s  essen t ia l l y  
i n v i s c i d  w i th  viscous e f f e c t s  confined t o  t h i n  layers near the surface and i n  
the wake. I n  these problems viscous e f fec ts  can be taken i n t o  account through 
a zonal approach based on an i t e r a t i v e  so lut ion o f  the combined i n v i s c i d  and 
boundary l aye r  equations, including other loca l  regions o f  strong v i sc id -  
i n v i s c i d  i t e r a t i o n  where necessary. An a l t e rna t i ve  approach i s  t h a t  o f  
d i r e c t l y  solv ing the f u l l  or  parabol ized approximation o f  the Reynolds 
averaged equations numerically. While o f f e r i n g  the prospect o f  providing the 
most accurate and general method f o r  solving viscous f low problems, Navier- 
Stokes solvers have not  y e t  l e d  to a pract ica l  methods f o r  aerodynamic 
design, This i s  due to  the Navier-Stokes so lver 's  large computing 
requirements and expense and the inadequacies o f  the turbulence models 
avai lab le f o r  f i n i t e  di f ference formulations. 
have proved p r a c t i  ca l  f o r  aerodynamic desi gn , p a r t i  cu l  a r l  y when s i  mpl e 
i n teg ra l  methods are used f o r  the boundary layer  solut ion.  In tegra l  methods 
a re  a t t r a c t i v e  f o r  v i  sc id- inv isc id  i n te rac t i on  ca lcu lat ions not  only because 
they great ly  reduce the computing requirements but  also because they are much 
Recent appl icat ions o f  i n v i s c i d  codes t o  transonic wing design 
I n  contrast, zonal type methods 
3 
more f l e x i b l e  than f i n i t e  d i f ference methods i n  adapting turbulence models t o  
f i t  the physics i n  various subregions o f  complex turbulent  f lows (see 
discussion by Kl ine i n  Ref. 5). Such methods have proved p a r t i c u l a r l y  
e f f e c t i v e  f o r  computing viscous transonic f low over a i r f o i l s  and are widely 
t Y  9 used throughout the aeronaut1 ca l  canmun 
The object ive o f  the present work 
viscous transonic f low over 3-D wings. 
v i  scous/invi sc id  i n te rac t i on  techniques 
code (Ref. 6,7) f o r  a i r f o i l s .  
s to develop a zonal type method f o r  
Our approach i s  t o  apply the same 
previously devel oped f o r  our GRUMFOIL 
I n  a zonal type approach the f low i s  div ided i n t o  an outer i n v i s c i d  
region and th in ,  inner viscous regions near the a i r f o i l  and wake. 
layers are fu r the r  subdivided i n t o  weak i n t e r a c t i o n  zones comprising most o f  
the boundary layer  and wake where the standard boundary layer  equations apply 
and small l oca l  strong in te rac t i on  regions near shock waves and the t r a i l i n g  
edge where the boundary layer approximations breaks down due t o  the presence 
o f  r e l a t i v e l y  large normal pressure gradients. 
outer i n v i s c i d  f l o w  are accounted f o r  through viscous coup1 i ng condi t ions t h a t  
appear as boundary condit ions on the i n v i s c i d  flow. The u l t imate basis f o r  a 
zonal type approach i s  a large Reynolds number asymptotic l i m i t .  
complete i n  the sense o f  inc lud ing a l l  the leading order terms the matching 
condit ions should account f o r  1) displacement e f fec ts  on the a i r f o i l  or  wing, 
2) displacement e f f e c t s  due to the wake and 3)  wake curvature e f f e c t s  due t o  
the momentum defect across the wake and 4) normal pressure gradient e f f e c t s  i n  
the strong in te rac t i on  zones a t  t r a i l i n g  edges and shock waves. 
The viscous 
The viscous e f f e c t s  on the 
To be 
Nearly complete zonal type methods have recent ly  been developed f o r  
subsonic and transonic flow over a i r f o i l s  by Melnik (Ref. 6-8) e t  a l ,  Col lyer 
and Lock (Ref. 9) ,  and LeBalleur (Ref. 10). A l l  these methods employed a 
po ten t i a l  f low approximation f o r  the i n v i s c i d  flow and i n t e g r a l  methods for 
the boundary layer solut ion.  They accounted f o r  a l l  the weak i n t e r a c t i o n  
e f fec ts  due to the boundary l aye r  and wake but  only the GRUMFOIL code of 
Melnik e t  a1 accounted f o r  strong i n t e r a c t i o n  e f fec ts  a t  the t r a i l i n g  edge. 
None o f  the methods accounted f o r  strong i n t e r a c t i o n  e f f e c t s  near shock waves. 
I n  turbulent flow, the shock wave penetrates i n t o  the boundary l aye r  and 
generates large normal pressure gradients leading to a breakdown o f  the 
standard boundary 1 ayer formul at ion. A1 though a simp1 e boundary 1 ayer 
4 
1 
I 
1 
I 
I 
1 
1 
desc r ip t i on  cannot give an accurate predic t ion of the l oca l  d e t a i l s  o f  such an 
i n te rac t i on ,  comparison wi th  experiments (Ref. 6, 8, and 11) ind icates t h a t  i t  
does seem to give a good predic t ion o f  the overa l l  thickening o f  the boundary 
l aye r  across the shock wave and a good predic t ion o f  the boundary l aye r  
i n t e g r a l  propert ies downstream of the in teract ion.  Fortunately, t h i s  seems t o  
be s u f f i c i e n t  to achieve good predict ions o f  a i r f o i l  section cha rac te r i s t i cs  
even under h i  gh-1 i f t  supercri  t i c a l  condi ti ons . On the other hand, because 
normal pressure gradient effects near t r a i l i n g  edges can produce s i g n i f i c a n t  
global resul t s  through t h e i r  i n f l  uence on the Kutta condit ion, they shoul d be 
accounted for ,  p a r t i c u l a r l y  when there i s  a s i g n i f i c a n t  degree o f  rear loading 
on the a i r f o i l .  
A s i m i l a r  method was developed by Wh i t f i e ld  e t  a1 (Ref. 11 and 12) using 
an Euler equation solver f o r  the i n v i s c i d  flow. Their method only accounted 
f o r  the displacement e f f e c t  o f  the boundary layer  and wake and ignored the 
wake curvature and strong in te rac t i on  ef fects .  Although the use o f  the Euler 
equations f o r  the i n v i s c i d  so lut ion might be an improvement f o r  strong shock 
waves ( MLOCAL > 1.31, the overal l  method may be less accurate than the 
po ten t i a l  f low methods discussed above because o f  the neglect o f  the wake 
curvature and t r a i l i n g  edge in te rac t i on  ef fects  i n  t h e i r  viscous f l ow  
formulation. For fu r the r  discussion of developments i n  zonal methods f o r  
a i r f o i l s  see the recent reviews i n  Ref. 10 and Ref. 12-15. 
Our overa l l  approach t o  the wing problem addressed i n  t h i s  repo r t  has 
been t o  extend the viscous f low formulation used i n  the GRUMFOIL code f o r  
a i r f o i l s  t o  three dimensions. For the i n v i s c i d  flow, the f u l l  potent ia l  
equation f o r  transonic f low over 3-D wings i s  employed. A f i n i t e  volume 
formulat ion based on Jameson's FL027 code was used t o  solve the f u l l  poten- 
t i a l  equation i n  conservation form. A modif ied 'IC" type mesh was employed t o  
a l low the wake streamline t o  be al igned w i th  the g r i d  thus g i v ing  a more 
accurate implementation o f  wake coupling condi t ions than used i n  the 2-D 
GRUMFOIL code. A new approximate fac to r i za t i on  (AFZ)  scheme was formulated t o  
accel erate convergence. We a1 so introduced a more accurate asymptotic f a r  
f i e l d  boundary condi t ion and a f u l l y  second order a r t i f i c i a l  v i scos i t y  i n t o  
the program. The i n v i s c i d  code i s  designated FL047. The new laminar and 
tu rbu len t  boundary layer  method used i n  the present work has i t s  o r i g i n  i n  
Stock's method (Ref. 16) but  has been extensively modif ied f o r  i n t e r a c t i v e  
5 
calculat ions.  
wi th a l a g  entrainment method adopted from the work o f  Green (Ref. 17) .  
Stock's method uses a f u l l y  3-D i n teg ra l  boundary l aye r  method 
The viscous flow method employs a f u l l y  3-D form o f  the wing surface 
boundary 1 ayer and wake d i  spl  acement thickness coup1 i ng condi ti ons us i  ng a 
t ranspi  r a t 1  on vel oc i  ty  formul a t1 on. 
implemented using a quasi-2-D s t r i p  formulation t h a t  accounts only f o r  the 
pressure va r ia t i on  across the wake t h a t  i s  generated by the streamwise 
component o f  the curvature of  the wake surface. 
useful f o r  the wing flow f i e l d  under consideration where the primary component 
o f  the wake curvature i s  i n  the streamwise d i rec t i on .  
o f  curvature can be expected to be large only near the wing t i p ,  and i t  i s  
only i n  t h i s  region t h a t  we showed s i g n i f i c a n t  departures from the simple 
s t r i p  approximation employed i n  the present method. We also employ a simple 
2-D s t r i p  approximation t o  j u s t i f y  the use o f  the same t r a i l i n g  edge 
co r rec t i on  as employed i n  the GRUMFOIL code. 
The wake curvature condi ti on i s 
This approximation should be 
The spanwise component 
Since gradients i n  the spanwise 
d i r e c t i o n  are small compared to the gradients i n  the streamwise d i rec t i on ,  
t h i s  should also be a good approximation except near the wing t i p  and r o o t  
sections. With these approximations, the present code accounts f o r  a l l  the 
primary viscous i n te rac t i on  aspects except those a r i s i n g  from the shock 
boundary l aye r  in teract ion.  
t h i  s simp1 e boundary 1 ayer treatment o f  shock wave-boundary 1 ayer i n te rac t i ons  
t o  be adequate f o r  the predic t ion o f  wing section cha rac te r i s t i cs  f o r  the 
reasons d i  scussed above. 
As proved f o r  the a i r f o i l  ca lcu lat ions we expect 
Several other methods have recent ly been developed (Ref. 18-22) f o r  
computing v i  scous transonic f l  ow over w i  ngs and w i  ng-body combinations. 
common with the present method, they a l l  employ a modif ied version o f  Green's 
l a g  entrainment method f o r  the boundary layer  so lut ion and a l l ,  except Samant 
and Wigton (Ref. 22), use a potent ia l  f low approximation f o r  the i n v i s c i d  
flow. Samant and Wigton (Ref. 22) use the Jameson FL057 (Ref. 23) method f o r  
so lv ing the f u l l  Euler equations i n  the i n v i s c i d  flow. 
Waggoner (Ref. 19) use a transonic small disturbance approach f o r  the i n v i s c i d  
f l ow  which i s  less accurate than the f u l l  potent ia l  f low approximation 
employed i n  the present method as well as i n  S t r e e t t ' s  (Ref. 20) and Wigton 
and Yoshihara's (Ref. 21) method. A l l  of the methods, inc lud ing the present 
one, account f o r  the displacement thickness e f f e c t  both on the wing surface 
I n  
F i rmin (Ref. 18) and 
6 
and i n  the wake, except for Waggoner's and Samant and Wigton's methods which 
neglect all wake effects. Only Streett 's and the present method account fo r  
the wake curvature effect and only the present method includes the trailing 
edge interaction effect. The corrections to the coupling conditions t h a t  
ari se from the 1 oca1 trai 1 i ng edge i nteracti on sol u t i  on are parti  cul arl y 
important for a correct implementation of the wake curvature effect. The 
procedure used for  the wake curvature terms i n  Streett 's  method, which ignores 
the t r a i l i ng  edge interaction, employs a single mean o f  the curvatures of the 
upper and lower surfaces of the wake. This undoubtedly leads t o  a significant 
underestimate of the wake curvature effect. Nevertheless, computations 
presented i n  Streett 's  paper indicated that the effect of the wake curvature 
coup1 i ng condi ti ons were fa5 r ly  1 arge. These resul ts and those obta i  ned 
earl fer for airfoil s (Ref. 8) clearly demonstrated the importance of incl udi ng 
the wake curvature terms i n  the coupling conditions. 
We believe the viscous flow method employed i n  the present work 
represents the most complete implementation of a zonal type approach t o  
viscous flow over wings achieved to date. 
Acknowl edgement. The authors w i  sh t o  express thei r appreciation to  
Mr. 0. Roman for  his contributions t o  the development of the inviscid portion 
of the computer program used i n  t h i s  work. 
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3. VISCOUS WING THEORY - BACKGROUND 
3.1 INTRODUCTORY REMARKS - INVISCID FLOW 
In the l a s t  few years, extensive progress has been made i n  inviscid 
transonic flow computations. Three dimensional transonic, inviscid flow 
fields can now be computed over wings and wing-fuselage combinations u s i n g  
newly devel oped " f i  n i  te vol ume" computer codes which sol ve the transonic f ul1 
potential equations. For cases where the shocks are not so strong tha t  
extensive boundary layer separation or entropy production a t  the shock takes 
place, accurate predictions o f  l i f t  and drag can be obtained (Ref. 24) .  
as important as accuracy, these f i n i t e  volume techniques are flexible,  being 
able to  handle f a i r l y  complex geometries, and can be matched to  turbulent 
boundary layer computing methods as reported here and i n  Ref. 20. 
Just  
In Subsection 4.1, we describe a simple b u t  e f f i c i en t  "AFZ" approximate 
factorization scheme which can converge to a solution much fas te r  than 
relaxation methods. The scheme requires no more computer storage than 
relaxation schemes, however, and, as is  i n  those schemes, data is  only 
requi red i n  a fixed pl ane-by-pl ane sequence. 
or similar mass storage device can eff ic ient ly  be used. 
Therefore, i f necessary, a di s k  
Other factorization schemes have been reported for the 3-D transonic 
problem (Ref. 25, 26, and 27) .  In Ref. 25, two 3-D data arrays must be 
stored, however, and more compl icated data manipul at ions are  requi red due to  
the presence of an additional factor.  The "SIP" scheme of Ref. 26 requires 
much more storage and data manipulations. 
a nonconservative f i n i t e  difference scheme, rather than a f i n i t e  volume one. 
In our work, the AFZ scheme is  applied t o  the 3-D conservative, f u l l  
potential, f i n i t e  volume formulation of Ref. 24. 
The scheme of Ref. 27 is  applied to  
Another approach t o  solving the inviscid equations involves using a 
factor1 zed or a re1 axation method for reducing high  frequency errors ,  together 
w i t h  a mu1 t i  g r i d  scheme. Good resul ts ,  comparable to ours, i n  terms of 
convergence rates, have been presented i n  Ref. 28 and 29 for successive l i n e  
over relaxation (SLOR) w i t h  mu1 t i g r i d .  These schemes requi re about 30% more 
total  storage than ours due to the extra g r i d s  used. Also, the use of 
auxiliary storage such as a d isk  appears t o  be more d i f f i c u l t  due to the 
8 
requi red i n t e r g r i  d t ransfer operations. 
l ess  sensi t ive t o  extreme g r i d  stretching than our method. 
However, mu1 ti g r i  d methods may be 
An a l t e r n a t i v e  t o  solv ing the potent ia l  equations f o r  the i n v i s c i d  f low 
involves the Euler equations. These require, however, a t  l e a s t  f i v e  times as 
much storage and several times as many computations per po in t  per i t e r a t i o n  as 
po ten t i a l  f low methods. Also, although recent progress has been made on 
speeding up convergence (Ref. 30), they requi r e  a t  l e a s t  several times as many 
i t e r a t i o n s  to converge and almost an order o f  magnitude more t o t a l  
computational cost. 
Some o f  the i n i  ti a1 work on the AFZ method was done w i th  J. k n e k  and A. 
Jameson (Ref. 31). 
3.2 3-0 BOUNDARY LAYER & VISCOUS WAKE THEORY 
The subject o f  3-0 boundary layers i s  a very large and important area o f  
research i n  aerodynamics. 
dynamici s ts  f o r  the past several decades. 
be found i n  the book "Three-Dimensi onal Turbul en t  Boundary Layers" (Ref. 
35). 
layers so lu t i on  on wings. 
very d i f f i c u l t  problem t o  solve, the phenomenon has become much b e t t e r  
understood through the study o f  the development o f  the cha rac te r i s t i cs  o f  the 
system o f  p a r t i a l  d i f f e r e n t i a l  equations f o r  boundary layers (Ref. 36 and 37). 
The study o f  boundary layer  separation on wings i s  p a r t i c u l a r l y  important i n  
the transonic f low regime as it i s  very o f ten  caused by the i n te rac t i on  with 
the i n v i  sc id  shocks on the upper surface o f  the wings. 
It has been o f  continued i n t e r e s t  t o  aero- 
Examples o f  recent developments can 
S i g n i f i c a n t  progress has been made on computing attached 3-D boundary 
Although 3-0 boundary l aye r  separation remains a 
Methods o f  solv ing the 3-D boundary layer  equations f a l l  i n t o  t w o  main 
categories; f i n i t e  d i f ference schemes which p red ic t  f low propert ies a t  each o f  
the mesh points  across the layer,  and in teg ra l  methods which p r e d i c t  only the 
sk in  f r i c t i o n  and ce r ta in  i n teg ra l  propert ies o f  the boundary layer.  For 
turbulent  flow, both categories involve a good deal o f  empiricism and both are 
cu r ren t l y  underdeveloped p a r t i c u l a r l y  when the fl ow i s  separated. There have 
been many invest igat ions made o f  3-0 boundary layers on wings. Among those 
using f i n i t e  di f ference formulations are the recent studies o f  Cebeci e t  a1 
(Ref. 38) and McLean e t  a1 (Ref. 39). Both studies used eddy v i s c o s i t y  
modeling. McLean e t  a1 made an in te rac t i on  study by coupling the boundary 
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l aye r  so lut ion t o  the i n v i s c i d  flow. 
important wake e f fec ts  and required too much computer t i m e  f o r  i t  to be an 
e f fec t i ve  wing design tool. Our 2-D viscous a i r f o i l  study ind icates t h a t  
there i s  always a strong wake curvature e f f e c t  f o r  subsonic t r a i l i n g  edges. 
It i s  our b e l i e f  t h a t  t h i s  phenomenon i s  also important i n  the 3-D viscous 
wing problem and should be included i n  the theoret ica l  formulation. 
The McLean procedure d i d  not account f o r  
I n teg ra l  boundary 1 ayer techniques have several advantages over the 
f i n i t e  di f ference methods. 
are fast ,  and the r e s u l t s  are not  over ly sensi t ive t o  the choice o f  the 
turbulence models used. Myring (Ref. 40) has developed a f a i r l y  complete 
momentum in teg ra l  p red ic t i on  method f o r  3-0 boundary layers i n  incompressible 
flow. The con t inu i t y  equation (i.e., the entrainment equation) and the two 
Reynol ds averaged momentum equations i n  d i  r e c t i  ons para1 1 e l  t o  the surface are 
used t o  derive a system o f  f i r s t - o r d e r  p a r t i a l  d i f f e r e n t i a l  equations f o r  the 
momentum thickness along the mainstream di rect ion,  the shape factor ,  and the 
streamline deviat ion angle 6 ( the angle between the external streamline and 
the 1 i m i  t i n g  stream1 i n e  a t  the wall 1. The global physical quanti t i e s  (e.g. , 
the momentum thickness i n  the transverse d i rec t i on )  are then imp1 i c i  t l y  
dependent upon the dev iat ion angle 0. Myring's work has been extended by 
Smith (Ref. 41) t o  3-D compressible turbulent  boundary l aye r  f low over an 
insu lated surface. To improve the turbulence ca lcu lat ion,  Green e t  a1 (Ref. 
17) has developed a h igh ly  successful p red ic t i on  method f o r  2-0 compressible 
turbul  en t  boundary 1 ayers and wakes. A one equation 1 ag-entrai nment method 
was devel oped t o  i ncorporate nonequi 1 i b r i  um " h i  story" e f f e c t s  i nto the 
i n t e g r a l  entrainment method. This method was used i n  our 2-D GRUMFOIL code. 
They are usual ly easy to apply, the computations 
The work o f  Smith and Green e t  a1 was combined by Stock (Ref. 16) t o  
provide a 3-D extension o f  the compressible l a g  entrainment method. Stock's 
method a1 so i ncorporates an i ntegral method f o r  3-D 1 ami nar boundary 1 ayers. 
The laminar boundary layer  formulation (Ref. 42) uses f i v e  equations, namely, 
con t i  nui ty  , t w o  momentum equations a1 ong the surface and t h e i r  respect ive 
f i r s t - o r d e r  moment equations, to determine f i v e  f low parameters inc lud ing the 
displacement thickness and the momentun thickness i n  the mainstream d i rec t i on .  
The 1 ami nar in tegra l  i s  based on one-parameter Fa1 kner-Skan vel oc i  ty  p r o f i  1 e 
i n  the main stream d i r e c t i o n  and a two-parameter polynomial ve loc i t y  p r o f i l e  
f o r  the cross f low. 
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Since we f o l l ow  the same formulation as t h a t  of Smith and Stock, the 
de r i va t i on  of the governing equations i s  not given i n  t h i s  report .  
c e r t a i n  modif icat ions and extension of t h e i r  work which are necessary f o r  
v i  sc id- i  nv i  sc id  computations are discussed. These include, the de r i va t i on  o f  
the f u l l  metr ic  c o e f f i c i e n t  tak ing i n t o  account the wing thickness and the 
v a r i a t i o n  o f  the wake shape, the extension o f  the ca l cu la t i on  t o  3-D viscous 
wakes and the der ivat ion o f  the source d i s t r i b u t i o n  from the boundary l aye r  
so lut ion f o r  the t ransp i ra t i on  boundary condit ions. 
However, 
It i s  important to mention t h a t  the r e s u l t i n g  2-0 (coordinates along the 
surface) p a r t i  a1 d i  f f e r e n t i  a l  equati ons f o r  turbul  ent f low govern1 ng the 
surface shape fac to r  (I), the momentum thickness along the main stream 
d i r e c t i o n  ( ell), and the stream1 i n e  devi a t i o n  angle B are o f  hyperbolic type 
with d i s t i n c t  cha rac te r i s t i c  curves ( see Ref. 40 and 41). S i m i l  ar concl usion 
can also be drawn f o r  the equations f o r  the laminar boundary layer. 
Therefore, the problem f o r  the so lut ion f o r  the system o f  p a r t i a l  d i f f e r e n t i a l  
equation as an i n i t i a l  value problem i s  well posed provided proper i n i t i a l  
condi t ions can be prescribed. We shal l  discuss t h i s  more i n  Subsection 4.2 o f  
t h i s  report .  
3.3 "ZONAL" APPROACH TO SOLUTIONS OF 3-0 VISCOUS FLOW ON WINGS 
From the discussions made i n  the two prev 
method f o r  the 3-D potent ia l  f low so lut ion and 
boundary 1 ayer analysis compri se the necessary 
i n v i s c i d  i n t e r a c t i v e  analysis f o r  the viscous 
ous sections, our i n v i s c  d AFZ 
the i n teg ra l  methods f o r  the 
elements f o r  the v isc id-  
low about wings. Our boundary 
l aye r  method fol lows Stock's (Ref. 16) treatment o f  the laminar and tu rbu len t  
boundary l aye r  computation on wings with our improvement t h a t  the wing 
thickness e f f e c t  i s  taken i n t o  account. 
wake i s  computed to take i n t o  account the wake thickness e f f e c t  f o r  viscous 
in teract ion.  
used f o r  the displacement e f f e c t  and the wake curvature condi t ion along the 
wake streamline i s  determined from the i t e r a t i v e  so lut ion o f  the i n v i s c i d  
flow. 
included, and imbedded i n  the global solut ion. The der ivat ions o f  these 
condi t ions are given i n  Subsection 4.3 o f  t h i s  report .  
I n  addit ion, the complete 3-D viscous 
I n  the present work, the t ranspi  r a t i o n  coup1 i ng condi t ions are 
I n  addit ion, a l oca l  2-D t r a i l i n g  edge strong i n t e r a c t i o n  so lu t i on  i s  
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4. NUMERICAL METHODS 
4.1 I N V I S C I D  COMPUTATIONAL PROCEDURE 
4.1.1 Basic Equations f o r  3-D I n v i s c i d  Flow 
The basic equati on descri b i  ng i r r o t a t i o n a l  , i nvi  sc i  d compressi b l  e f l  ow 
can be w r i t t e n  
and a, represent p a r t i a l  d i f f e r e n t i a t i o n  wi th  respect t o  aY 9 where ax, 
Cartesian x, y, and z. 
i n  describing the numerical techniques employed i n  computing the i n v i s c i d  f l o w  
(Subsection 4.1) are d i f f e r e n t  from those used f o r  the viscous f low 
formulation (Subsections 4.2 and 4.3). 
It should be pointed out here t h a t  the notat ions used 
When the ve loc i t y  i s  re la ted  t o  a potent ia l  by 
and the isent rop ic  r e l a t i o n  i s  used f o r  the density 
1 
(4.1.2) 
(4.1.3) 
we have a s ing le p a r t i a l  d i f f e r e n t i a l  equation t o  solve f o r  the s ing le 
var iable,  $. 
normalized by t h e i r  f ree stream values and M, i s  the Mach number o f  the f ree  
stream. 
I n  the above y i s  the r a t i o  o f  spec i f i c  heats, q2 and p are 
Equations (4.1.1) t o  (4.1.3) are transformed t o  a computational space 
with coordinates ( X  ,Y ,Z) by appl i c a t i o n  o f  coordi nate mappi ngs accordi ng t o  
the method described i n  Ref. 24. This consists o f  introducing parabol ic 
coordinates ( X , Y )  i n  spanwise planes (z = constant) by the transformation N N  
(x" + iv") = A x - x o ( r ) l  + i Cy-y0(z)l 
2 =  2 
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where xo(z ) ,  yo(z)  define a s ingular l i n e  j u s t  i ns ide  the wing leading edge. 
The e f fec t  o f  the transformation i s  t o  unwrap the wing about the s ingular  l i n e  
t o  form a shallow bump, 
transfonnati  on, 
= S ( g , f ) .  The bump i s  then removed by a shearing 
(see Fig. 1). A f a r  f i e l d  s t re tch ing i s  then used t o  def ine f i n a l  
computational var iables X, Y, and Z. 
I f  the transformations are represented by a Jacobian matr ix  
Eq (4.1.1) may be w r i t t e n  i n  terms o f  transformed var iables:  
where 
h = det(H), 
U, V, and W are contravar iant  ve loc i t ies:  
(4.1.4) 
(4.1.5) 
(4.1.6) 
and the physical v e l o c i t i e s  are given i n  terms o f  der ivat ives o f  the potent ia l  
i n  the transformed space: 
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(4.1.7) 
4.1.2 Boundary Condi ti ons 
I n i t i a l l y ,  freestream condi t ions were set  on the outer boundaries i n  the 
= 0 on the surfaces X = XM and X = - X,, (F ig .  
These surfaces are far behind the wing i n  the physical space and are 
form $ = 0 on Y = YM and 
1). 
separated by the wake ( Y  = 0, Z < 2,) shed from the t r a i l i n g  edge o f  the 
wing. The condi t ion = 0 requires t h a t  the streamwise tangent ia l  de r i va t i ve  
o f  (I be zero a t  the wake i n  the f a r  f i e l d .  A l l  boundaries are a t  a f i n i t e  
distance f rom the wing i n  the procedure used here so t h a t  i t  was f e l t  t h a t  
more accurate boundary condi t ions could be derived by assuming t h a t  the 
Prandtl  -G1 auert  equation i s  V a l  i d a t  these boundaries and sol v i  ng for  the 
reduced ve loc i t y  potent ia l .  The so lut ion can be w r i t t e n  formal ly as; 
where 
2 fi2 = 1 - MaD 
&,n, T; = surface coordinates o f  the wing (see Fig. 2 ) .  
where the i n teg ra t i on  i s  ca r r i ed  out over the wing surface ( w . s . )  The wing 
thickness i n teg ra l  of the order 0 (' ) , and the volume i n t e g r a l  o f  the . 7 
order 0 (%) are neglected i n  the f a r  f i e l d  compared t o  % I F T O  
boundaries considered here (see Fig. 2), i t  i s  seen that ,  when (y  - d2 << 1, 
then ( x  - E l 2  >> 0. 
On the 
R 
A1 so when x = O( E ) ,  i t  fol lows t h a t  on the boundary, t h a t  
l y l  >> 1 1 1 1 ,  i r respect ive o f  the values of z and r;. 
f o r  (' - i s  then 
A very good approximation 
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Further expansion t o  O($ F allows us t o  express as: 
w i th  
and, 
where 
- 
"1 - 
"2 - 
r ( d  = 
3 c )  = 
- 
It can be 
(4.1.8a) 
-1/2 
x{x2 + B 2 2  cy + ( 2  - 5;)211 
-1/2 
2 2 2  1 - { x + 8 [y + (z,r)2J } 
-3/2 
Ix2 I x2 + B2CY2 - (z-cI21 } 
shown t h a t  the expression f o r  gI approaches the r e l a t i o n  given by 
Klunker (Ref. 32) only f o r  x + + - and d i f f e r s  from i t  otherwise. When x + - - 
+ 0 which i s  the co r rec t  behavior f o r  the reduced potent ia l  i n  t h i s  
l i m i t .  Although the code has been wr i t t en  to inc lude both the gI and +11 
terms i n  the f a r  f i e l d  boundary condit ions we have so f a r  made extensive runs 
w i th  only the f i r s t  term included. The r e s u l t s  obtained t o  date i nd i ca te  t h a t  
f o r  a Val ue o f  BOUND = .9 (i .e., on the boundary about 4 chords from the 
wing), using +I alone i s  qu i te  s u f f i c i e n t .  The computed l i f t  r e s u l t s  are 
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consis tent ly  higher than those sa t i s f y ing  free stream v e l o c i t y  a t  the 
boundary, i nd i ca t i ng  the importance of the ef fect  o f  the f a r  f i e l d  boundary 
condit ions. Also, the convergence ra te  i s  b e t t e r  than t h a t  achieved using the 
o r i  g i  nal freestream condi ti ons previously d i  scussed. 
r e s u l t s  w i l l  be discussed i n  Subsection 5.1 of t h i s  report .  
The boundary condi t ion on the surface Z = ZM (Fig. 1) i s  4 = 0. 
Detai 1 s o f  computed 
A 
symmetry condi t ion i s  used on 2 = 0 (i.e., 4 i s  re f lected)  since the f low i s  
symnetric there. 
The surface Y = 0 i n  the computational space contains the wing f o r  - X T e E  
< X < XTE and Z < ZT. The ve loc i t y  tangency condi t ion V = 0 i s  imposed here 
by se t t i ng  
two l ines,  X = XTE and X = -XTE, 2 < ZT i n  t h i s  plane, so t h a t  the wake from 
the wing t r a i l  i n g  edge i s  mapped to two par ts  o f  the surface: 
- X T ~ ,  Z < ZT. Across these surfaces the normal ve loc i t y  V and the pressure 
(p) are forced to be continuous so t h a t  both p and V must match a t  the two 
computational points corresponding to the same physical locat ion.  Since p i s  
a funct ion o f  q2 alone i n  potent ia l  flow, and V and W are small compared to U 
(i.e., the coordinate surface i s  approximately al igned w i th  the f ree stream) 
c o n t i n u i t y  o f  pressure i s ,  to a good approximation, enforced by requ i r i ng  
con t inu i t y  o f  U. This, i n  turn, requires con t inu i t y  o f  h. Since, f o r  a 
l i f t i n g  wing 4 i s  not  continuous across the t r a i l i n g  edge i t  i s  not continuous 
across these surfaces. 
= 0 on the wing surface. The wing t r a i l i n g  edge i s  mapped t o  
X > XTE and X < 
There are two options f o r  pos i t ion ing the wake i n  the computer code. 
standard one involves keeping i t  f i x e d  as the so lu t i on  converges so that,  i n  
general, there w i l l  be (continuous) f low through it. The second opt ion 
involves al lowing the wake to fo l low the l oca l  ve loc i t y .  With the l a t t e r  the 
wake i s  s t i l l  mapped to p a r t  o f  the Y = 0 surface and the mesh i s  i t e r a t i v e l y  
adapted to the f low.  This mapping requires t h a t  the height ( Y  value) o f  the 
wake be a s ing le valued funct ion o f  X and Z, which precludes i t s  r o l l i n g  up. 
The equations f o r  t h i s  opt ion are described i n  Subsection 4.1.5. 
t i p  i n  the Y = 0 plane (Z > ZT, a l l  X )  con t i nu i t y  o f  V and 
no d i scon t inu i t y  o f  4 i s  allowed. 
which coincide i n  the physical plane. 
The 
O f f  the wing 
i s  enforced but  
The potent ia l  i s  then matched a t  po ints  
Two exceptional l i n e s  occur i n  the Y = 0 plane where special condi t ions 
are applied. The f i r s t  i s  the l i n e  corresponding to the mapping s i n g u l a r i t y  X 
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2 2 = 0 f o r  ZT c Z < ZM. 
corresponds t o  the wing t i p ,  Z = ZT, -XTE < X < XTE. There the physical 
vortex sheet would s t a r t  to r o l l  up. Since the computation constrains the 
sheet t o  s t a r t  behind the wing and disallows r o l l  up, an addi t ional  condi t ion 
i s  required t o  avoid a s i n g u l a r i t y  i n  V. 
f l a t  vortex sheet cons t ra in t  i s  no t  inherent i n  the assumption o f  potent ia l  
flow. The existence of a potent ia l  i s  consistent wi th the appearance o f  
r o l l e d  up t r a i l i n g  vortex sheets o r  vort ices a t  wing t i p s .  
phenomenon can be modelled i n  f u l l  potent ia l  flow. The condi t ion we impose 
( a t  the wing t i p  i n  the code) i s  t h a t  a t +  = 0 a l l  along t h i s  l i n e ,  which 
insures t h a t  V i s  a l oca l  maximum. Thus fa r ,  the use o f  t h i s  condi t ion has 
proved necessary i n  flows wi th  h igh ly  loaded wing t i p  sections. 
There, ax+  + a y 4  = 0 i s  enforced. The other 
It should be pointed out t h a t  t h i s  
Both these 
4.1.3 D i  s c r e t i  z a t i  on 
The f i n i t e  volume scheme o f  Ref. 24 i s  used to d i sc re t i ze  Eq (4.1.5). 
Two staggered gr ids are used (see Fig. 3a). On one, p, u, v, w, U, V, W, H 
and h are defined; on the other, x, y, z, X, Y, Z, 0, and L(0) are defined. 
The nodes o f  each g r i d  are a t  the centers o f  the c e l l s  o f  the other, and a box 
scheme i s  used t o  compute the der ivat ives i n  Eq (4.1.41, (4.1.51, and 
(4.1.7a). For a var iab le f, 
- 
6Xf 'I+', j+l ,k+' T T T  [ f i+ l , j+ l ,k+ l  ' f i + l , j  ,k+l + fi+l,j+l + fi+l,j ,k 
S im i la r  expressions can be w r i t t e n  f o r  the Y and Z der ivat ives.  
The indices i, j, k are used f o r  the computational coordinates X, Y, and 
Z which are normalized such t h a t  
Ax = AY = A2 = 1 
Using these re la t i ons ,  a l l  the p a r t i a l  der ivat ives i n  Eq (4.1.41, (4.1.5) and 
(4.1.7) are replaced by f i n i t e  dif ferences and the equations become f i n i t e  
d i  f f erence equa ti ons . 
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The wing surface b isects  the f l u x  balance c e l l  such t h a t  four c e l l  
corners are above the surface and four image corners below. The values o f  U 
and W below the surface occuring i n  the d iscrete version o f  Eq (4.1.5) are set  
equal to those above, and the values o f  V set  equal t o  the negative o f  the 
values above. This i s  described, i n  2-D, i n  Fig. 3b. Across the wake the 
same f l u x  balance i s  used as i n  the i n t e r i o r .  The values o f  U, V, and W a t  
the image corners on one side are taken t o  be the values above the surface on 
the other side. This defines the equations on one side o f  the wake i n  the 
computational plane and ensures t h a t  V i s  continuous t o  second order a t  
convergence. On the other side o f  the wake values o f  $ are used equal t o  
values a t  corresponding points  on the f i r s t  side, w i t h  a constant 
d i scon t inu i t y  ( i n  each Z plane). The value o f  t h i s  d i scon t inu i t y  i s  
determined a t  the t r a i l i n g  edge points  i n  each plane. This enforces 
con t inu i t y  o f  pressure as described above. 
The same procedure i s  used beyond the wing t i p  where there i s  no 
d iscont inu i ty .  
i n teg ra t i ng  Eq (4.1.8) wi th  the jump i n  potent ia l  given a t  the t r a i l i n g  edge 
o f  each 2 = constant section f o r  2 < ZT. 
The f a r  f i e l d  boundary condi t ions are evaluated by numerical ly 
The basic f i n i t e  volume scheme leads t o  an odd-even decoupl i n g  o f  
I f  a small term i s  added to the l e f t  hand side (Lo(+))  o f  Eq solut ions. 
(4.1.5), t h i s  problem can be eliminated. F i r s t ,  L (+)  i s  expanded: 
L (+)  A a 2 + + B ay+ 2 + C a*$  2 + other terms. X 
The c o e f f i c i e n t s  A, B, and C can be found from the nonconservative quasi l inear 
formulation: 
2 2  A = ph(gl,l - U /a 1 
2 2  C = ~ h ( g ~ , ~  - w /a 1 
1 
i 
I 
II 
where gi 
sound. The recoupling terms are then 
are the diagonal elements of (HTH)-l and a i s  the l oca l  speed of 
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and % i s  a switching Mach number, s l i g h t l y  less than 1 ( =  .95). Then, 
Here, 
- - 
&XYf '  1 . 1 - Lfi+l,j+1,k+l - fi , j + l , k t l  fi+l,j , k t l  + fi ,j ,k+l 
i *,J *2,k+: 
etc, and 
'XYZf = [ f i+ l , j+ l ,k+l  - fi ,j+l ,kt l  - fi+l,j ,k+l + fi ,j ,k+l 
It can be seen t h a t  Lrec( +) i s  o f  second order wi th respect to the terms i n  
For s t a b i l i t y  i n  the supersonic zone, e i t h e r  a f i r s t  order o r  a second 
Lo( 0) 
order a r t i f i c i a l  v i scos i t y  can be used. 
b u t  r e s u l t s  i n  faster,  more r e l i a b l e  convergence to a so lu t i on  i n  general. 
The f i r s t  order fonn i s  l ess  accurate 
For the f i r s t  order form a switching funct ion i s  f i r s t  defined: 
s = max(0, 1 - Mc/M 2 2  ) 
where 
2 2  M~ = q /a 
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2 2 wu vw 
R = p(W dZ+ + T %x+ + 4- 6 Y z +  
2 2  1.1 = cshp /a 
where c i s  a constant and the second order difference operators are as defined 
previously, with, i n  addit ion, 
etc. 
I n  terms o f  these quanti t i e s ,  f o r  f low w i th  U and W posi t i v e  and V 
negative, the a r t i f i c i a l  v i scos i t y  tenn i s  
L v i s g  = ‘i,j,k - ‘i-l,J,k + Qi,j,k - Qi, j- l ,k + w  i , j ,k  - ‘i, j ,k-l 
( a  negative V impl ies flow i n  the increasing j d i rec t i on ) .  
This i s  f i r s t  order compared t o  Lo(+). I f  t h i s  a r t i f i c i a l  v i s c o s i t y  
opt ion i s  chosen, the complete equation t o  be solved f o r  the po ten t i a l ,  +, a t  
each po in t  i s  
I n  order t o  achieve second order accuracy i n  the supersonic zone L v i s +  i s  
replaced by (again f o r  U and W pos i t i ve  and V negative); 
- E  P 1 - (‘i-l,j,k i - 2 , j Y k  i-2,j,k i ,j ,kpi-1,j ,k - E  L v i s @  = (‘i ,j ,k 
+ s im i la r  terms f o r  Q and R. 
- The loca l  parameter ci , ,k 1 s included f o r  s t a b i l  i t y  a t  shocks. €1 ,j ,k - 
1 forces the scheme w i t h  L v i s +  added to be second order, whi le ci , j  ,k = o  
forces L v i s +  t o  the f i r s t  order form defined previously. 
33 i t  i s  shown that the scheme had t o  be f i r s t  order near shocks for  
s t a b i l i t y .  Hence, the form 
I n  the work of Ref. 
20 
i s  used, where v2 and v3 are adjustable parameters and x E pi ,j ,k - pi-l,j ,k 
i s  used t o  detect  the shock. This i s  small i n  the smooth par ts  o f  the f low 
and la rge  near the shocks. To use the f i r s t - o r d e r  opt ion i n  the code, u2 = 1 
and 3 = 0. For the second-order option, v2 = 0 and 9 = 4. We have found 
s i g n i f i c a n t  di f ferences i n  the flow f i e l d  i n  the supersonic zone between the 
f i r s t  and second order schemes. For the second order scheme, the shocks are 
captured over fewer mesh points. 
schemes w i l l  be compared i n  Subsection 5.1 o f  t h i s  report .  
Results using the f i r s t  and second order 
4.1.4 AFZ Scheme 
The basic idea behind the AFZ scheme i s  to solve a se t  o f  i m p l i c i t  
equations i n  each constant Z-plane, f o r  a correct ion t o  4. 
equations are solved i n  the Z direct ion,  the 3-D array o f  $ values can be 
stored on disk and only several X-Y planes o f  data need be stored i n  the 
computer a t  any one time. 
Since no i m p l i c i t  
During the i t e r a t i o n  o f  sweep number n+l, when updating plane number k, 
values o f  4 are avai lab le corresponding t o  i t e r a t i o n  n+ l  i n  plane k-1 since i t  
has j u s t  been updated. Only unupdated ( l e v e l  n) values are avai lab le i n  
planes k and k+l .  
i n  computing the residual  a t  plane k, as i s  done i n  successive-line- 
overrelaxat ion (SLOR) where updated values i n  the previous l i n e  are used and 
i m p l i c i t  equations are solved along each l i n e .  It i s  most e f f i c i e n t  to 
compute contravar i  ant v e l o c i t i e s  once each i t e r a t i o n  between each plane and 
use them i n  computing Lo( 4) f o r  both planes on e i t h e r  side. To d i r e c t l y  
incorporate updated values o f  $ i n t o  each Lo($) computation, i t  would be 
necessary to abandon t h i s  approach and recompute these ve loc i t i es ,  using them 
only once for  each Lo($) computation. This would almost double the number o f  
requi red cal cu l  at ions. 
correct ion mu1 t i p l i e d  by an appropriate constant to Lo( $1 computed using only 
o l d  values a t  each plane. Our scheme thus had the form 
It was decided to make use o f  the avai lab le updated values 
An a1 t e r n a t i  ve A i  ch was chosen i nvol ved adding the 
(4.1.9) 
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where NXY i s  an operator i n  the XY plane, a may be an operator, w i s  a 
I 
relaxation factor and E; i s  the s h i f t i n g  operator: 
If L( $9 is a Laplacian, 
then choosing c" = C would make the r i g h t  hand side, a t  plane k,  equal to  
which i s  cw L L (  4) computed us ing  the l a t e s t  available values of 4. 
nonlinear case we used a similar approach for determining c" . 
For our 
The operator NXY was chosen from successful 2-0 AD1 schemes (Ref. 34): 
I 
N x Y = ( O X -  6 x A 6  x )(a,, - 6yB6y) 
, The values of A and B are given by the expansion of Lo( $1, described 
previously. 
a part to approximate Lvi s( 4) i n  addition to  Lo( 4) 
Also, QX and ay are  numbers a t  low speed, and, following the 
I approach of Ref. 34, become operators for supersonic flow. They also include 
~ For flow i n  the f X ,  +Y direction, 
- + a =  a + a 6 + a26; 0 1 x  
where 
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4 4  9 = P5 P1 AZ r ( Z )  min (1, q /a 1 
I n  the above, f~ i s  the difference i n  physical z values between planes, f ( U )  
i s  1 except near the point  where U changes sign, C i s  an expansion c o e f f i c i e n t  
described previously, P1 - P5 are constants f o r  each i t e r a t i o n  and 
We a1 so use 
except a t  the r o o t  plane ( Z  = 01, where 
The re laxa t i on  fac to r  w i s  given by 
A1 so, t o  approximate f i r s t  order a r t i f i c i a l  v i scos i t y  terms 
+ 2 2  ? = a -  dY p V  dy 
where p i s  defined previously. To approximate second order a r t i f i c i a l  
v i scos i t y ,  we use 
where E. i s  defined above. 
The form f o r  QO was chosen t o  become small when the loca l  Mach number 
approached 1, which i s  required f o r  s t a b i l i t y .  However, modal analysis showed 
that,  i n  f a r  f i e l d  regions, where the g r i d  i s  stretched i n  X and Y, bu t  not  i n  
Z, there i s  a lower bound on QO f o r  s t a b i l i t y  ( f o r  e l l i p t i c  f low). The 
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funct ions Bo and B1 represent these two competing requirements. 
parameters 9 and 9 were designed t o  become small for low speed f low so t h a t  
a would then be a number instead o f  an operator. 
the minimum a f o r  s t a b i l i t y  increased with increasing Z. 
was accordingly included t o  improve convergence. 
formula f o r  u resu l t s  i n  a r e l a t i v e  under-relaxation f o r  l a rge r  values o f  Z, 
which fu r the r  increases s t a b i l  i ty  and improves convergence. 
The 
F i n a l l y ,  i t  was found t h a t  
The funct ion r ( Z )  
The use o f  l / r ( Z )  i n  the 
The so lut ion sequence consists o f  a set  o f  cycles. I n  each cycle,there 
are K sweeps through the f i e l d ,  i n  which values o f  P1 are cycled and set  equal 
K-lPo . A l l  other parameters are kept constant. t o  P1, eP1, e P1, .... e 
Best resu l t s  were found f o r  K = 4 and e = 1/2, f o r  f i n e  g r i d  transonic 
calculat ions.  I n  each sweep, the factor ized equations (4.1.9) are solved 
plane-by-plane s ta r t i ng  from the wing root,  f o r  correct ions,  64, which are 
added t o  +. I n  each plane, f i r s t ,  
0 0 2 0  
1 
(4.1.10 
1 
1 
1 
I 
I 
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i 
i s  solved row-by-row f o r  a temporary 2-D var iab le T . Then, 
i s  solved column-by-column f o r  the correct ion,  64. 
terms i n  9 are a l l  i n  one d i rect ion,  since the Y-velocity always has the same 
sign so t h a t  there are four diagonals i n  the equivalent matr ix  Eq (4.1.11) f o r  
64, instead o f  the three t h a t  would occur i f  only a were used instead o f  9. 
Thus, a four-diagonal solver, which i s  only s l i g h t l y  more complicated than a 
three-di agonal one i s requi red. 
solver i s  required since, i n  the mapped plane, the f low changes d i r e c t i o n  
along the l i n e  being solved, and der ivat ives i n  both d i rec t i ons  occur. 
t h i s  does not require much more computation than a t r i d iagona l  solut ion.  
The t h i r d  order operator 
For the sol u t i  on o f  ( 4.1.10 1,  a f i ve-di agonal 
Again, 
4.1.5 F i t t e d  Wake Calculat ion 
I n  each span s t a t i o n  (z-const) a "C"  mesh i s  generated. The inner-most 
coordinate l i n e  pa r t l y  l i e s  on the wing surface. The r e s t  o f  the l i n e  l i e s  
between the t r a i l i n g  edge and the downstream boundary (see Fig. 4). 
1 
I 
1 
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The g r i d  points are labeled wi th  indices i , j , and k corresponding to 
computational X, Y, and Z coordinates. Our concern w i l l  be 1 i nes B-A and D- 
E. We W i l l  want them to fol1ow the wake streamline from the t r a i l i n g  edge 
(t.e.1 t o  the downstream boundary. Points along these 1 ines w i l l  be denoted 
(x,Y) = (Xi,k$ yi,k) Or (X;,k, Yi,k ) w i t h  z = tk ,  independent o f  i . de 
def ine i = 1 a t  the t.e. and i = N downstream. Points on l i n e  6-A are denoted 
by (+) and on l i n e  D-E by (-1. 
+ + 
+ - + - 
We set xi ,k = x , and determine 6ik = yi ,k - yi ,k from a computed i ,k 
wake thickness. Then, denoting the mean value 
and 
+ - 
'i,k = 'i,k' 
the condi t ion t h a t  the median wake l i n e  fo l low the wake streamline i s  t h a t  
i,k - Y i t l , k  - Yi,k 
'i,k 'it1.k i,k 
V - -  
- x  
where ui,k and vi,k are mean physical v e l o c i t i e s  defined i n  plane k: 
- (U+ + u- ) 'i,k - 7 i ,k i,k 
= ( V +  + v- ) 
i ,k 7 i,k i,k V 
(4.1.12) 
During each i t e r a t i o n ,  f o r  which new values of the potent ia l  function, +, 
are computed, a displacement 4yi ,k i s  computed such t h a t  Eq (4.1.12) i s  
sa t i s f i ed .  These displacements are then added t o  each node corresponding to 
the same i and k f o r  the next potent ia l  i t e r a t i o n .  The formula used f o r  
computing the Ayi ,k's i s  
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where w i s  a relaxation factor (presently Set to 1). 
are computed from the metric and + The physical velocities u* i , k ,  'T,k 
velocity potential I$ values a t  surrounding points: 
v = ( - 6 y x 6 x ~  + 6Xx6y+)/h + sin a , 
h = 6 y6  X - 6 y 6  X .  Y X  X Y  
In the above, for u+ and v+ , the differences are computed by i Yk i ,k 
1 +  ++ + + 
6XF = 7 (F i+l ,  k + l  - Fi ,k + F i + l , k  - Fi , k )  
where superscripts (++) denote quantities on the line above those denoted by 
(+).  
' i , k '  ' i ,k '  
denotes the angle o f  attack. 
Similar equations w i t h  (+) changed t o  ( - 1  are used to  compute - - The velocities are normalized to uni ty  i n  the free stream and a 
During each iteration a boundary val ue probl em is sol ved (approximately) 
for the potential $, regarding the boundary lines B-A and D-E as fixed. 
corrections are then added to  the coordinate so that these lines follow the 
t.e. streamline, which moves from iteration to  iteration. The boundary 
conditions on $ are that pressure is equal on the t o p  and bottom of the lines 
and normal f l u x  through the lines is conserved. These are boundary conditions 
since the lines are mapped to two segments of the outer boundary of the 
computational domain ( F i g .  4 ) .  Hence, after each + iteration f l u i d  is  f lowing 
th rough  the lines. 
usi ng the computed corrections. 
The 
This i s  then corrected by moving the coordinate system 
The wake lines bisect a set  of cells which have velocities defined on the 
corners, and values o f  + and x and y defined i n  the centers ( F i g .  5 ) .  
second order i n  cell mesh size, balance of the fluxes i n  the cells requies 
t h a t  the normal f l u x  be continuous th rough  the wake line. 
relation is  just what i s  imposed I n  the interior of the domain. Hence, by 
To 
T h i s  f l u x  balance 
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extending i t  to the boundary c e l l s  the ve loc i t y  boundary condi t ion i s  enforced 
along l i n e  A-8. 
The other condi t ion i s  a force balance, imposed by speci fy ing + along 
l i n e  D-E. This i s  used to determine os, the de r i va t i ve  along the l i n e .  The 
i sen t rop i c  equation f o r  the pressure, which i s  used t o  set  a r e l a t i o n  f o r  
i s  
where 
(4.1.13) 
( 4. I. 14) 
00 
I n  the above, 
stream ve loc i t y  w i th  respect t o  the l ine.  
q,, are the normal and tangent ia l  components o f  the f ree 
A pressure (Pf,k) i s  f i r s t  computed along A-6. Then, a desired 
pressure, (py ) 
r e l a t i o n .  Also,  a normal veloci ty,  qn = on + q; , i s  also computed a t  each 
point .  
i s  computed f o r  each p o i n t  along D-E, using a force balance 
1 ,k 
Equations (4.1.13) and (4.1.14) are then solved f o r  a desired +. 
A t  present, w are only implementing a s i m p l i f i e d  version o f  t h i s  
2 r e l a t i o n :  i f  qn << q: , then 
(4.1.15) 
Also, i n  t h i s  approximation the f l ow  on the upper and lower sides o f  the wake 
are i n  the x-y plane. Hence the curvature i n  the f low d i r e c t i o n  i s  the same 
on both sides and the pressure re la t ion,  neglecting viscous ef fects ,  i s  j u s t  
- + -  
pi ,k - pi ,k 
Using approximation (4.1.15) we then have 
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o r  
+ 
= 0; 
“i ,k i ¶k 
rk  i s  a constant computed a t  the t.e. i n  
each pl ane af ter -each i t e r a t i o n .  
Presently, we are implementing a curvature ca l cu la t i on  wi th  the 
assumption t h a t  the f low i s  e n t i r e l y  i n  each x-y plane. 
pressure balance re1 a t i o n  does not  require t h i s  curvature e f fec t ,  the viscous 
correct ions do. A t  each po in t  along the wake midway between the coordinate 
po ints  we have the u n i t  normal (see Fig. 6a): 
Although the i n v i s c i d  
where 
- 
+ (Yi+l ,k - Yi,k - Dsid/2 ,k - l(xi+l,k i , k  
The radius o f  curvature, R, can be defined by 
where 
ai ,k - [(‘i+l,k - ‘i-l,k l 2  
and hei ,k i s  the angle between normals 
(“i+$ ,k 
-1 A 
i ,k = cos A0 
A 
,k )*  
A1 though we have not  imp1 emented a general curvature cal  cul  a t1 on , which 
would be required when the f low has a 1 arge spanwi se ve loc i t y  component, we 
g ive the formulation here. Considering tm l ines ,  
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we can def ine a vector normal to the wake surface (see Fig. 6b) : 
This i s  second order accurate i f  the mesh i s  smoothly varying. 
We w i l l  def ine curvature i n  a coordinate system consist ing o f  Ji,k, 
We now take normals, as before, midway between points  i+ l ,k  and i,k, and 
between i ,k and i-l,k: 
The scalar product then gives the r e l a t i v e  angle a t  i,k f o r  rad ia l  l i n e s  
i n te rsec t i ng  ( i t 1 , k )  + ( i-1,k): 
The distance between the mid points, 
I /2  + + 1 -  - %,k - Ir i+ l ,k ‘i-1,k 
then i s  used to get the radius o f  curvature: 
The radius o f  curvature along the l i n e  ( i  ,k+l) + (1 ,k- l1 , Ri ,k can then be 
computed i n  exact ly the same way by interchanging the two l i nes .  The radius 
o f  curvature i n  the normal d i r e c t i o n  (Si,k) can then be computed: 
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where 
I 
We have tested the AFZ code wi th  the f i t t e d  t r a i l i n g  wake on a number o f  
wings. A t yp i ca l  t ransport  type conf igurat ion i n  shown i n  Fig. 7a. Shown i n  
the f i gu re  i s  a 3-D view o f  the wing and the isobars on the upper surface o f  
the wing f o r  an angle o f  at tack o f  1.5' (upper h a l f  o f  the f i g u r e )  and 0' 
(lower h a l f ) .  Both cases are a t  a f ree stream Mach number o f  .82. A t  1.5' 
angle o f  attack one can see two shocks a t  the r o o t  section which merge a t  
about midspan. 
wake. 
without the f i t t e d  wake. 
the f i n a l  l i f t s  are s l i g h t l y  d i f f e r e n t .  For t h i s  case (freestream Mach number 
wake ca l cu la t i on  while the ca l cu la t i on  wi thout t rack ing the wake gave CL = 
.590. 
Figure 7b shows a 3-D view of the wing and the t r a i l i n g  
Figure 7c compares the convergence o f  l i f t  f o r  ca l cu la t i ons  wi th  and 
The f i gu re  shows the same convergence rates whi le 
I of .82 and angle of attack of 1.5') the converged CL = .588 f o r  the f i t t e d  
I 
4.2 SOLUTION OF 3-D BOUNDARY LAYER & WAKE 
I n  t h i s  section, we discuss b r i e f l y  the numerical procedure f o r  obtaining 
the so lut ion o f  the 3-D boundary layer  and wake by the i n teg ra l  method o f  
Myri ng-Smi th-Stock. We shal l  stress the modi f i  c a t i  ons and improvements 
whenever they occur but  neglect the deta i led der ivat ion o f  the governing 
equations. Since the sol u t i o n  procedures f o r  the 1 ami nar and turbul  e n t  
boundary layers are i d e n t i c a l  , only the l a t t e r  i s  discussed. 
d i f f e r e n t i a l  equations f o r  the i n teg ra l  laminar boundary layers can be found 
i n  the repor t  o f  Stock (Ref. 42). The notat ions f o r  the coordinates used i n  
t h i s  section and the subsequent ones i n  t h i s  repo r t  are redefined and 
d i f ferent  from those used i n  Subsection 4.1 o f  the i n v i s c i d  flows. 
The governing 
I 4.2.1 Coordinate System & Governing Equations 
A curv i  1 i near nonorthogonal surface coordi nate system ( x  ,y coi  n c i  d i  ng 
I w i t h  the wing surface and the wake is  chosen f o r  the d i f f e r e n t i a l  equations. 
The coordinate x i s  along the chord d i r e c t i o n  while the coordinate y i s  along 
the constant percentage chord l i n e  as shown i n  Fig. 8. Shown also are the 
I 
I 
1 
1 
1 
1 
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N v e l o c i t y  components u, v along x, y, respectively, 
y axes a t  any p o i n t  on the surface, a i s  the angle between the external 
streamline and x axis. 
the wake are given, the unique transformation 
x i s  the angle between x, 
LI 
If the Cartesian coordinates (X,Y,T) o f  the wing and 
I 
I 
I 
1 
I 
I 
I 
1 
I 
1 
I 
I 
I 
1 
I 
I 
I 
I 
I 
(4.2.1) 
ex is ts ,  from which the metr ic coef f ic ients ,  hl, h2, g o f  the c u r v i l i n e a r  
system can be derived, where, 
Further reduction sui tab1 e f o r  numerical imp1 ementation 1 eads t o  
(4.2.2) 
(4.2.3) 
ax The term i s  re la ted  t o  the sweep o f  the coordinate l i n e  y while aT and 
aT are the slopes o f  the wing/wake surface. 3Y 
equations w i l l  invo lve x, y der ivat ives o f  hl, h2, and g, the curvature terms 
-ax 
Since the boundary layer  
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a2T a2T can a f fec t  s i g n i f i c a n t l y  the so lut ion o f  the boundary-layer 2'2 
equations. 
Denoting the vel oci  t y  components a1 ong the nonorthogonal curv i  1 i near 
coordinate system (x,y,z) ( z  being normal t o  the wing/wake surface) as (u,v,w) 
(see Fig. 8), respectively, the boundary-layer momentum i n t e g r a l  equations as 
given by Myring are, along the x d i rect ion,  
V 1 " }  + Q22k2 = 7 cf  1+ %  { l  3 L T + k  Ue 'Y - + k  'e 3 %  (4 .2.4)  
and along the y d i rect ion,  
1 + '1 q +  '3% "1 { ( 2  - M ~ )  1 1 a (q {I 1 1 - - +  ue ay : 5 + '2 + '1 5 ue ax 
+ 022 h2 
(4 .2 .5 )  
where M i s  the Mach number a t  the edge of the boundary l aye r  and Cfl and Cf2  
are the s k i n - f r i c t i o n  coef f ic ients  i n  the x and y d i rec t i ons  respect ively.  
The ve loc i t y  components i n  the x, y d i rec t i ons  a t  the edge o f  the boundary 
layer  are denoted by ul, v1 and the resu l tan t  ve loc i t y  a t  the boundary-layer 
edge i s  denoted by ue where 
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The momentum in teg ra l  thicknesses Qll ,  o12, %1, and 42 and the mass i n teg ra l  
thicknesses Al and + together wi th the quant i t ies  kl, k2, k3, %, +, a3 and 
q as funct ions o f  the metr ic coe f f i c i en ts  hl, h2, g are given i n  Appendix A o f  
Ref. 41. 
The entrainment o r  the i n teg ra l  f o r m  o f  the con t inu i t y  equation assumes 
the form, 
(4 .2 .6 )  
where pe i s  the density a t  the boundary-layer edge and 6 denotes the boundary 
l aye r  thickness. F i s  the entrainment coe f f i c i en t ,  i .e., the nondimensional 
r a t e  o f  change o f  mass f low i n  the boundary layer .  The entrainment equation 
i s  used to provide an independent r e l a t i o n  i n  t h i s  procedure by prescr ib ing 
the entrainment c o e f f i c i e n t  as a function o f  the l oca l  boundary l aye r  
propert ies. 
supplied through a separate d i f f e r e n t i a l  equation f o r  the entrainment 
c o e f f i c i e n t  F derived from an approximation to the turbulent  k i n e t i c  energy 
equation. 
I n  the l a g  entrainment method employed here, t h i s  informat ion i s  
From the entrainment equation, one can derive a useful expression f o r  the 
source ve loc i t y  d i s t r i b u t i o n ,  t h a t  i s ,  the normal ve loc i t y  out f low due t o  the 
presence o f  the boundary layer, 
(4 .2 .7 )  
Another useful form o f  the entrainment equation i s ,  
which allows the displacement thickness P t o  be computed when the i n teg ra l  
quanti t i e s  A1 and % are known. 
Equations (4 .2 .4 ) ,  (4 .2 .5 ) ,  and (4.2.6) form the foundation f o r  the basic 
equations, and i n  addi t ion,  we adopt a1 ong the d i r e c t i o n  o f  the stream tube 
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lag-entrainment model equation of Green (Ref. 17) for the entrainment 
coefficient F. However, for a closed system, the total  number of unknowns 
must be reduced to four. The integral thicknesses %1, %2, c + ~ ,  0 2 ~  A ~ ,  9 
( i  .e., the unknowns) can be expressed i n  terms of the corresponding 
expressions denoted by ell, e12, eZl ,  eZ2 61, 62, h and . These 
quantities, except for and 
i n  the directions along and normal t o  the local external streamlines. The 
quant i ty  a i s  the angle between the x-axis and the external streamline and 
X i s  the angle between the x and y axes. 
empirical cross flow velocity profile, 
four equations for the four unknowns, namely, 
ible shape factor, ell, the momentum thickness defined w i t h  the main stream 
direction velocity, F, the entrainment coefficient and y, a cross flow 
boundary layer parameter equal to or implicit ly related t o  the wall l i m i t i n g  
streaml i ne angl e 8 re1 a t i  ve to the external streaml i ne , dependent upon whether 
the empirical cross flow profile of Mager (Ref. 43) or Johnston (Ref. 44) is 
used. 
N 
, are defined i n  terms of velocity components 
N 
N 
Then by further introducing an 
f i n a l l y  can reduce the system of 
fl , the equivalent incompress- 
The equations are completed by an expression re1 a t i n g  skin friction, Cf , 
to the boundary layer variables ell, 
we note t h a t  the components C f l  and Cf2  along x and y directions can be 
expressed i n  terms of the s k i n  f r ic t ion  magnitude, Cf and the angles 
X,  a, and 8 by the relations, 
fl , and the external conditions. Firs t ,  
N N  
( 4 . 2 . 9 )  
Following Smith we use the Ludwieg-Tillmann relation for the s k i n  
friction magnitude, C f ,  modified for compressible flow according t o  Eckert's 
reference temperature concept, viz ,  
p u 8 - e 2 6 8  Te 
= .246 ( e e*11) 
cf P (4.2.10) 
I 
I 
I 
II 
I 
I 
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where T*/Te = 1 + .13 M2 for  adiabatic f low i n  a i r  and the c o e f f i c i e n t  o f  
v i s c o s i t y  v* i s  evaluated a t  the temperature T* by 
and u j  = [ 9 
4 
I 
1 
1 
I 
The f i n a l  form of Eq (4.2.41, (4.2.51, and (4.2.6) together wi th  the lag- 
e n t r a i  nment d i  f f e r e n t i  a1 equation f o r  the en t ra i  nment c o e f f i c i e n t  F, can be 
expressed i n  the form, 
a d  a d  
Aij ax+ i j  a y -   ci (4.2.11 1 
The character i  s t i  cs o f  the quasi 1 i near system o f  four p a r t i  a1 d i  f f e r e n t i  a1 
equations and t h e i r  so lu t ion are discussed i n  the fo l lowing subsections. 
4.2.2 Character is t ics  & Compat ib i l i ty  Equations 
The equation f o r  the entrainment c o e f f i c i e n t  F i n  Eq (4.2.11) i s  o f  the 
form, 
DF m =  J, 
where 
The x and y der ivat ives o f  F a t  any point  can be computed and are decoupled 
from the der ivat ives o f  ell, fl , and y. Furthermore, the c h a r a c t e r i s t i c  
curve f o r  F i s  the external i n v i s c i d  streamline. 
y are coup1 ed, v i  z, 
Equations f o r  ell, fl , and 
(4.2.12) 
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wi th  v j  = [I , aij # bij # 4i # 0 fo r  i = 1,2,3. Mu1 ti p ly ing  each 
(4.2.13) 
w i th  
(4.2.14) 
The system o f  homogeneous equations Eq (4.2.14) has n o n t r i v i a l  so lu t ion  f o r  
q, p2, and p3 i f  and only i f ,  
Detlbij - aijXl = 0 (4.2.15) 
The so lu t ion  f o r  X from the cubic equation has been studied ra ther  extensively 
(Ref. 40) i n  conjunction w i th  the development o f  the i n teg ra l  methods o f  3-D 
tu rbu len t  boundary layers. A t  any po in t  (x,y) , X i s  the tangent o f  the angle 
between the charac ter is t i c  l i n e  and the x-axis. For incompressible flow, the 
form o f  the charac ter is t i c  equation i s  p a r t i c u l a r l y  simple as shown by 
Myring. It was shown t h a t  f o r  a well behaved boundary layer  Eq (4.2.15) 
possesses three d i s t i n c t  rea l  roots, therefore the system of d i f f e r e n t i a l  
equations I s  t o t a l l y  hyperpol ic. The three cha rac te r i s t i c  1 ines 1 i e  between 
the external streamline and the l i m i t i n g  wall  streamline o f  the boundary layer  
flow. 
t h i s  property i s  also t rue fo r  compressible flow. 
Cousteix and Houdeville i n  Ref. 36 tha t  the behavior o f  so lu t ions to the 3-D 
turbul  en t  boundary 1 ayer equations i s strongly e f fec ted  by the hyperbol i c 
character o f  the governing p a r t i a l  d i f f e ren t i a l  equations and by the nature of 
Numerical solut ions of Eq (4.2.15) ca r r i ed  out by us have shown t h a t  
It has been shown by 
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the associated cha rac te r i s t i c  curves i n  the plane o f  the wing. 
them, when solved i n  the d i r e c t  mode with the pressure d i s t r i b u t i o n  
prescribed, the equations admit wak  solut ions i n  which the cha rac te r i s t i cs  o f  
the same family may i n t e r s e c t  each other on ce r ta in  s ingular l i nes .  
s ingular  l i n e s  are analogous t o  shock waves across which the displacement 
thickness and other boundary layer  propert ies are discontinuous. 
so lut ions have no physical s igni f icance and should not be i d e n t i f i e d  w i th  the 
separation l i n e s  observed i n  3-D boundary layer  separation. 
d i  spl acement thickness leads t o  1 arge (ac tua l l y  unbounded) val ues o f  the 
t ransp i ra t i on  ve loc i t y  which w i l l  act, through v i s c i d / i n v i s c i d  i n t e r a c t i o n  
mechanisms, t o  s i g n i f i c a n t l y  a l t e r  the i n v i s c i d  f low and streamline pat tern 
near such s i  ngul ar  curves. Since d i  sconti nuous sol ut ions o f  t h i s  type cannot 
be se l f -cons is tent  solut ions o f  the coupled v i s c i d / i n v i s c i d  equations, i t  i s  
c lear  t h a t  the i n t e r a c t i o n  must el iminate the cha rac te r i s t i c  crossings and the 
associated d i scon t inu i t i es  from the solution. 
s ingular cross1 ng curves are transformed through a strong local  in teract ion,  
t o  an envelop o f  streamlines t h a t  could be i d e n t i f i e d  w i th  the locus o f  the 3- 
D separation. 
avoiding the discontinuous solut ions of the d i r e c t  problem. I n  t h e i r  method, 
which was aimed a t  noninteract ing type computations, they proposed speci fy ing 
t w o  i n teg ra l  thicknesses and computing the pressure d i s t r i b u t i o n  as p a r t  o f  
the so lu t i on  o f  the boundary layer  equations. 
As noted by 
The 
Such 
The jumps i n  
One can speculate t h a t  the 
Cousteix and Houdevil le also proposed an inverse method f o r  
Unfortunately, although inverse methods may be useful f o r  avoiding the 
shock l i n e  jumps i n  3-D boundary l aye r  solut ions, they do not el iminate a l l  
problems faced i n  computing separated 3-D boundary layers. Indeed the inajor 
d i f f i c u l t y  i n  computing such flows seems to be associated wi th  the turn ing o f  
the 1 i m i  ti ng stream1 i nes and character1 s t i  cs to a d i  r e c t i  on perpendicul a r  to 
the marching d i r e c t i o n  and not wi th  the formation o f  discontinuous weak 
solut ions. I n  these cases the curved streamlines seem to form a "sonic" 
envelope across which the so lut ion cannot be continued. This i s  so mainly 
because the f low upstream of such envelopes do not l i e  i n  the domain o f  
dependence of the i n i t i a l  data 1 i ne from which the sol u t ion  was i n i t i a t e d .  
A1 though the d e t a i l s  are f a r  from understood, it seems c lea r  t h a t  such 
envelopes are l i k e l y  t o  be relocated i n  some way t o  3-D separation l i nes .  
computation o f  3-D boundary 1 i y e r s  i n  these circumstances i s extremely 
d i f f i c u l t  because o f  the need to supply i n i t i a l  data some place downstrean o f  
The 
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the envelope and i t  i s  not a t  a l l  c lear  a t  present how t h i s  can be done. 
Because o f  the uncertainty i n  how t o  proceed i n  such cases, i n  our approach we 
employ a standard d i r e c t  method t o  t r e a t  the v i s c i d / i n v i s c i d  coupling. 
x = xi f o r  i = 1,2,3, a t  any p o i n t  (x,yn) on the wing surface o r  i n  the wake, 
i t  fol lows tha t  Eq (4.2.13) can be expressed i n  the form, 
I f  we assume there ex i s t s  a so lut ion o f  Eq (4.2.15) f o r  the eigenvalues 
where, 
and 
(4.2.16) 
f o r  i = 1,2,3. 
Equations (4.2.16) are the coinpati b i  1 i ty  equati ons o f  the hyperbol i c  
equations i n  t h e i r  ''normal cha rac te r i s t i c  form". The so lut ion o f  Eq (4.2.16) 
could be ca r r i ed  out most na tu ra l l y  w i th  a " A  type-scheme" (Ref. 4 5 ) .  For 
i n t e r i o r  points, y = yn, the y der ivat ives o f  ell and y associated with 
each Xi f a c t o r  are evaluated using values o f  ell etc. a t  (x, yn+l) and (x, yn) 
when xi c 0 and using values a t  (x,yn) and (x, yn-l) when Ai > 0, where yn+l > 
yn > yn-l. 
(4.2.16) and new values of ell, 
marching scheme. 
o f  i n teg ra t i on  associated with the implementation o f  the boundary 
condit ions. 
stat ions.  
Ywing t i p '  boundary condi t ions are requi red t o  supplement the compatabil i t y  
equations, Eq (4.2.16) a t  these stat ions.  According t o  the r u l e s  i n  Kreiss 
The x-derivatives o f  el, R , and y tnen are computed using Eq 
R , and y are obtained by an e x p l i c i t  
There i s  a fundamental problem t h a t  ar ises w i th  any method 
The in tegrat ion domain l i e s  between the wing r o o t  and t i p  
It i s  seen tha t  when + > 0 a t  y = ywing root or when + c 0 a t  y = 
I 
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(Ref. 461, the t o t a l  number of boundary condit ions and compa t ib i l i t y  equations 
should be equal to the order of the system o f  equations. The number o f  
boundary condi t ions required a t  y = ygng root, f o r  example, i s  exact ly the 
number o f  roots f o r  which X i  > 0. 
proper ly determi ne these condit ions. 
r e s u l t s  are very sensi t ive to the boundary condit ions prescribed a t  the wing 
r o o t  and t i p .  For numerical convenience, i n  our method we employ zero 
spanwi se gradient condi ti ons. These condi t i ons  are non-physi cal and 1 ead t o  
e r r o r s  i n  the region l y i n g  i n  the domain o f  dependence o f  the wing t i p  o r  body 
juncture points. 
procedures f o r  s e t t i  ng these .boundary condi ti ons. 
It i s  not  c lear  a t  t h i s  stage how t o  
Our study ind icates t h a t  computed 
Further study i s  c lea r l y  ca l l ed  f o r  to determine co r rec t  
4.2.3 Numerical I n teg ra t i on  o f  Boundary Layer Equations 
I n  view o f  the d i f f i c u l t y  i n  imposing boundary condi t ions i n  the A- 
scheme, a l ess  accurate but r e l i a b l e  numerical i n teg ra t i on  scheme i s  adopted 
f o r  the so lu t i on  o f  the system o f  Eq (4.2.11). The same procedure i s  also 
used to in teg ra te  the laminar boundary layer equations. The method, f i r s t  
used by Smith, solves, f i r s t ,  a t  a constant x l i n e ,  f o r  the x der ivat ives o f  
i n t e g r a t i o n  i n  the x-direct ion.  
determine the maximum in teg ra t i on  step Ax. The y der ivat ives o f  the dependent 
var iables el, R , y, and F are evaluated i n  such a way t h a t  the ru les  of 
domain o f  dependence and region o f  inf luence are not v io lated. 
cha rac te r i s t i c  l i n e s  l i e  e i t h e r  on (as i n  the case o f  cha rac te r i s t i cs  f o r  F )  
o r  w i t h i n  an angle bounded by the external i n v i  sc id  stream1 i ne (w i th  an angle 
o f  i n c l i n a t i o n  i with respect t o  the x-axis) and the l i m i t i n g  wall  
streamline (w i th  an angle o f  i n c l i n a t i o n  o f  
ax i  s) , the use o f  these two d i rec t i ons  t o  p r e d i c t  the d i rec t i ona l  b ias o f  the 
disturbances always produces a conservative estimate o f  the step size to be 
used. We denote by (x, yn) the l oca t i on  o f  the po in t  where the y der ivat ives 
are to be evaluated and by (x, Y,,-~), (x, yn+l) the t w o  neighboring po in ts  
fl , y, and F. Then a two-level e x p l i c i t  i n teg ra t i on  scheme i s  used f o r  ell, 
A l oca l  C.F.L condi t ion i s  imposed to 
Since the 
+ B with respect to the x- 
aF other de r i  v a t i  ves - 9 - 1  aT , - I ) i s  determined according 
X,Yn aY X,Yn 'Y X,Yn 
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t o  the signs of the  angles a and ;; + B. If both and + are  , 
positive, a backward difference of the form 
i s  used. If both and + B are  negative, a forward difference of the 
form 
i s  used. And i f  and + B are of opposite sign, a central difference of 
the form 
is used. For the wing t i p  points, a l l  the y derivatives are set equal to zero 
unless both 
difference formula i s  used. For the wing root points, a l l  the y derivatives 
are set equal to zero unless both and + B are negative and a forward 
difference formul a i s  then used. 
and + B are positive and i n  this case a backward 
I 
The integration can be started wi t h  ei ther 1 ami nar boundary 1 ayer 
equations or turbulent boundary layer equations a t  or near the leading edge 
l ines  of the wing.  Because the integration must follow the flow direction, 
the s tar t ing point must necessarily be downstream of the forward stagnation 
line. For calculations w i t h  a laminar boundary layer s t a r t ,  one must ei ther  
impose the location of transit ion to turbulent flow or use a natural transi-  
t ion cr i ter ion to  f i x  the t ransi t ion position. In the present code we assign 
the transit ion point locations unless the 1 aminar boundary 1 ayer solutions 
indicates separation, i n  which case we assign t ransi t ion to the point of lam- 
inar separation. When transit ion occurs, the momentum thickness ell i s  
assumed to be continuous across t ransi t ion and the shape factor ,  
assigned a value of 1.45 (an al ternat ive to this is  to  assign a local jump i n  the 
value of FI equal t o  dTransition as determined by experiments (Ref. 4 7 ) ) .  
I 
, i s  
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The 3-D boundary layer  i n teg ra t i on  i s  extended i n t o  the wake i n  a manner 
s i m i l a r  to the 2-D ca lcu la t i on  o f  Green e t  a l .  
equal t o  zero, and the d i ss ipa t i on  length used i n  Green's formulation i s  set 
equal to h a l f  o f  t h a t  o f  the boundary layer value. Since Johnston's (Ref. 44) 
cross flow p r o f i l e  cannot admit a zero f r i c t i o n  solut ion, only Mager's (Ref. 
43) Crossflow p r o f i l e  can be used i n  the wake. 
The skin f r i c t i o n  Cf i s  se t  
I n  t h i s  case, y = 6. 
Since the informat ion o f  the character is t ic  l i n e s  i s  he lpfu l  i n  
understandi ng the boundary 1 ayer f 1 ow behavi o r  , the e i  genval ues f ran the 
so lu t i on  o f  Eq (4.2.15) are computed a t  each step o f  in tegrat ion.  For 
example, a very large value o f  X or  appearance o f  imaginary roots o f  Eq 
(4.2.15) usual ly ind icates the i n c i p i e n t  breakdown o f  the computation. 
4.2.4 SDecial Considerations 
Since the so lu t i on  procedure o f  the boundary layer  equations as described 
i n  the previous sections i s  only an intermediate step o f  reaching the 
converged so lut ion o f  the v isc id- inv isc id  in teract ion,  one does not always 
have a smooth i n v i s c i d  pressure d i s t r i b u t i o n  f o r  each cyc le o f  the boundary 
l a y e r  computation. It i s  important i n  our i t e r a t i v e  method t o  establ ish a 
procedure f o r  preventing a breakdown o f  the boundary l aye r  computation from 
the appearance o f  an unphysical intermediate i n v i s c i d  pressure d i s t r i b u t i o n .  
Our numerical experiments i nd i ca te  t h a t  a computational breakdown associated 
w i t h  large i n v i s c i d  pressure gradients i s  o f ten  s tar ted by a rap id  loca l  
growth o f  the shape fac to r  fl . When t h i s  happens we set a maximum c u t o f f  
value o f  2.4 f o r  fl and set the l oca l  y der ivat ives o f  the dependent 
var iab les equal to zero. 
f a c t o r  
gradually going downstream i n t o  the wake. 
fl may drop t o  below 1 f a r  downstream i n  the wake. These phys i ca l l y  
u n r e a l i s t i c  values lead to numerical d i f f i c u l t i e s  i n  the f a r  f i e l d .  To avoid 
such problems, we set  a lower bound of A = 1.05 i n  the f a r  f i e l d  and 
continue the wake computation using a s t r i p  boundary layer  approximation with 
a l l  spanwise der ivat ives set  to zero. 
The computed boundary layer  so lu t i on  o f  the shape 
usual ly reaches a maximun a t  the t r a i l i n g  edge and drops o f f  
Occasionally , the computed value of  
Addi ti onal numerical d i  f f i cul ti es may a1 so a r i  se because the streamwi se 
momentum thickness, ell, may occasionally drop below zero on the wing 
surface. 
appearance o f  a logar i thm o f  ell i n  the computation o f  the sk in  f r i c t i o n  from 
The basic code would usual ly break down a t  such points  because o f  
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the Ludwieg-Tillman formula. We have found, t h a t  i n  these cases the so lu t i on  
can usually be continued downstream using a s t r i p  boundary 1 ayer approximation 
w i th  a l l  spanwise der ivat ives set  to zero. The program has been setup t o  do 
t h i s  i f  negative values o f  ell should a r i se  a t  any stage o f  the computation. 
As mentioned i n  Subsection 4.2, we compute the metr ic c o e f f i c i e n t s  
hl(x,y), h2(x,y) and g(x,y) taking f u l l  account o f  the wing thickness and wake 
curvature. This more accurate treatment o f  the geometry turns out  t o  be 
important near leading and t r a i l i n g  edges and acts t o  provide smoother, more 
accurate boundary layer solut ions i n  these regions. To demonstrate t h i s ,  we 
have computed t w o  boundary l aye r  solut ions, one wi th  our f u l l  metr ic  
c o e f f i c i e n t s  expressions and the other wi th the metr ic c o e f f i c i e n t s  f o r  a 
corresponding f l a t  wing. 
Mach number M, = .796, angle o f  attack a = 1.94 and reference Reynolds number 
o f  5 m i l l i o n .  
9. It i s  seen tha t  there are s i g n i f i c a n t  di f ferences i n  the two so lut ions 
wi th the one using the f u l l  metr ic c o e f f i c i e n t s  expressions shodng mi lder  
gradients and a much lower peak value towards the t r a i l i n g  edge as compared 
wi th  t h a t  o f  the f l a t  wing solut ion.  This behavior i s  general ly t rue  f o r  the 
so lu t i on  o f  a l l  the other dependent variables. 
The computations are f o r  the Lockheed Wing A a t  a 
The t w o  solut ions f o r  the shape factor,  fl , are shown i n  Fig. 
4.3 ITERATIVE SOLUTION TO V I S C I D - I N V I S C I D  INTERACTION ANALYSIS 
The i nvi sc i  d and boundary 1 ayer sol u t i  on procedures described i n  
Subsections 4.1 and 4.2, must be modif ied t o  accomodate the matching 
condi t ions coupling the v i s c i d  and i n v i s c i d  flows. 
describe how the v i  scous coupl i ng condi ti ons are incorporated i nto the 
so lu t i on  o f  the i n v i s c i d  equations and w? also o u t l i n e  the i n t e r a t i v e  
procedure used to sol ve the coupl ed v i  sc i  d / i  nv i  sc id  equations. 
I n  t h i s  subsection, we 
4.3.1 Transpi r a t i o n  Coup1 i ng Condi ti ons f o r  I n v i  sc i  d F1 ow Boundary 
Condi ti ons 
The boundary condi t ions for  the f i n i t e  volume formulation o f  the i n v i s c i d  
f low analysis need t o  be modif ied i n  order to take i n t o  account the boundary 
1 ayer d i  spl acement and v i  scous wake ef fects .  Transpi r a t i  on boundary 
condi t ions are used i n  the present work. I n  3-0 flow, the surface source 
ve loc i ty ,  m, i s  re la ted t o  the displacement thickness, 6t, by the entrainment 
re la t i on ,  Eq (4.2.71, which can be w r i t t e n  i n  the form, 
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(4.3.1) 
where 
The displacement thickness, 6 k ,  i s  defined by 
6 (P,Ue - PU) 
6k' J d2 
0 pe 'e 
where pU i s  the mass f l u x  i n  the boundary l aye r  i n  the external f low 
d i rect ion.  The external quant i t ies  a t  the boundary l aye r  edge, are Mach 
number (MI , density (pe l  , and the t o t a l  ve loc i t y  (u,). The ve loc i t y  
components u, v, are components o f  ue along x, y, the boundary l a y e r  
nonorthognal curv i  1 i near coordi nates. 
c o e f f i c i e n t s  and q i s  equal t o  
The quanti t i e s  hl , h2 , are the metr ic 
The displacement thickness i s  determined as p a r t  o f  the boundary layer  
so lut ion as described i n  Subsection 4.2. From Eq (4.3.1), therefore, the 
source, m, can be computed a t  each step o f  the boundary l aye r  in tegrat ion.  
The boundary condi t ions f o r  the i n v i s c i d  f low require the values o f  m a t  the 
midpoints o f  the i n v i s c i d  mesh, which can be obtained by i n te rpo la t i on .  Since 
the f i n i t e  volume formulation i s  being used f o r  the i n v i s c i d  f low analysis, m 
i s  t o  be converted i n t o  M, i t s  corresponding contravar iant  f l u x  vector across 
the body surface. The scal ing factor  between m and M i s  qu i te  complex and i s  
n o t  given here. It can be shown t h a t  f o r  2-D problem, M = m ds , where ds 
i s  the arc length between the two nodal po ints  o f  the i n v i s c i d  mesh. With the 
known d i s t r i b u t i o n  of the sources and i t s  equivalent source jump i n  the wake 
( t h e  d i f ference o f  sources from top and bottom o f  the wake), the i n v i s c i d  f l o w  
boundary condi ti ons are modi f i ed as f o l 1  ows . 
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Referring t o  Fig. 10, the ve loc i t y  po ten t i a l  , G, a t  the span s t a t i o n  Z = 
ZK o f  the i n v i s c i d  f low i s  to be computed. 
lagged and computed f r o m  the previous i t e r a t e .  
to be computed a t  c e l l  centers. On the boundary, A and E are the l a s t  po ints  
o f  the wake across the sheet, B and D are the t r a i l i n g  edge points  and C i s  
the leading edge point. On the wing surface (i.e., D - C - B) the r e f l e c t i o n  
condi t ion of the normal component o f  the contravar iant  f luxes, VM and VP, o f  
the i n v i s c i d  f low computation i s  modif ied due to the sources generated by the 
boundary 1 ayer , 
The value of G a t  Z = ZK+l i s  
The contravar iant  f luxes are 
where pM and pp are the densi t ies computed a t  the two c e l l s  near the boundary 
and between the two space stat ions. 
contravar iant  f luxes UM(1) = UP(I), WM(1) = WP(1) etc remain the same as those 
o f  the noninteract ive computation. On the wake (i.e., from E t o  D and from B 
to A) the f l u x  condit ions are not changed from the noninteract ive computation 
because the image condit ions have t o  be imposed, v i z :  
The tangent ia l  components o f  the 
UM(1) = - UP(M) 
VM(1) = - VP(M) 
UM(M) = - UP(1) 
VM(M) = - VP(1) etc 
(4 .3 .3 )  
where I and M are the respective image points  across the wake sheet. The 
adding (o r  subtracting) o f  sources, however, i s  r e f l e c t e d  i n  the mass f l u x  
bal  ance equation ( the cont i  nui ty equation . 
evaluated a t  the nodes both on the wing and wake surfaces are modif ied t o  
account f o r  the mass i n j e c t i o n  from the boundary layer.  
i s  paid t o  po ints  D and B where there are source contr ibut ions both from the 
wing side and the wake side o f  the t r a i l i n g  edge. 
Therefore, the r e s i  dual formul a 
Par t i cu la r  a t t e n t i o n  
4.3.2 Wake Curvature Ef fects  
i 
I 
B 
I 
I n  Subsection 4.1, we described the procedure f o r  adjust ing the mesh t o  
fo l low the wake stream surface o f  the i n v i s c i d  solut ion.  I n  the i n v i s c i d  
computation, the wake surface was updated a t  each cyc le o f  the i n v i s c i d  
i t e r a t i o n .  
update the wake pos i t ion before each boundary l aye r  computation rather  than a t  
I n  the viscous computation i t  was found t o  be more e f f i c i e n t  t o  
I 
I 
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1 
1 
each i n v i s c i d  cycle. 
i n  terms o f  a wake angle, 
I n  the viscous computation the wake pos i t i on  i s  defined 
i , 
1 
I 
I 
1 
I 
1 
1 
where X, Y are the Cartesian wake coordinates, '8' i s  the wake l i n e  angle wi th  
respect to X-axis a t  constant Z = ZKs  0 and 0 are the i n v i s c i d  v e l o c i t y  
components, averaged between the top and bottom o f  the wake surface, along X 
and Y-axes, respect ively.  
The wake curvature e f f e c t  terms are imposed i n  the fo l lowing manner. 
Referr ing to Fig. 10, l e t  the row o f  computation nodes a t  the wake, above the 
wake and below the wake a t  a spanwise stat ion, Z = ZK, be denoted by ( I  ,KY ,K) 
(K,KY-l,K), ( I ,KY+l,K),  respectively, and l e t  (M,KY,K) etc. be the image nodes 
across the wake. The Kutta condi t ion and the wake curvature condi t ion can be 
imposed according to the fo l lowing formulae, f o r  the surface wake nodes, 
G(M,KY,K) = G(I,KY,K) + CIRC(K) + I' (4.3.4) 
and f o r  the image wake nodes, 
G(I,KY+l,K) = G(M,KY-l,K) - CIRC(K) - I' (4.3.5b) 
The funct ion G i s  the reduced ve loc i t y  potent ia l ,  CIRC(K) i s  the t r a i l i n g  edge 
ve loc i t y  po ten t i a l  jump determined by the Kutta condi t ion and r, the 
c i r c u l a t i o n ,  i s  equal to the jump i n  ve loc i ty  potent ia l  across the wake. The 
c i r c u l a t o r y  function, r, i s  determined by the matching condi t ions coupling the 
v i s c i d  and i n v i s c i d  flows. 
w r i t t e n  i n  the form, 
Within standard boundary layer  theory i t  can be 
(4.3.6) 
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where 0 i s  the average surface value o f  the Outer i n v i s c i d  v e l o c i t y  i n  the 
chordwise direct ion,  % and '8;1 are the respective sums o f  the upper and lower 
displacement and momentun thicknesses, respect ively.  
correct ions t o  the standard coupl i ng condi t i ons  t o  account f o r  strong 
i n t e r a c t i  on e f f e c t  a t  t r a i  1 i ng edges. 
expression for l' given above, as described i n  the fo l lowing section. 
I 
Our method incorporates 
These correct ions modi fy the standard 
4 .3 .3  Trai  1 i ng Edge Corrections 
I n  our method ve incorporate strong i n t e r a c t i o n  e f f e c t s  a t  t r a i l i n g  edges 
i n t o  our basic v i  scid- i  nv i  sc id  coupl 1 ng procedures. 
procedures devel oped for the 2-D a i r f o i l  problem as described i n  Ref. 6. 
t h a t  work a l oca l  asymptotic so lut ion i s  developed which describes the strong 
i n t e r a c t i o n  e f f e c t  a t  t r a i l i n g  edges. Through the use o f  t h i s  solut ion,  
modi f i c a t i  ons t o  the c l  assi cal coupl i ng condi ti ons are devel oped t o  take i nto 
account normal pressure gradient e f f e c t s  across the boundary layer  i n  the 
t r a i l i n g  edge region. The theory o f  Ref. 6 was f o r  a s t r i c t l y  2-D flow. I n  
the present work, we adapt the 2-D correct ions o f  Ref. 6 t o  the wing problem 
considered i n  t h i s  study using a quasi-2-D approximation. I n  t h i s  approach, 
we simply apply the 2-0 correct ions t o  the f u l l  3-D form o f  the c lass i ca l  
coupling condit ions assuming the f low i s  2-D i n  streamwise planes. 
a 2-D s t r i p  approximation i s  j u s t i f i e d  because the f low gradients normal t o  
the t r a i l i n g  edge are asymptotical ly l a rge r  compared to gradients i n  the 
spanwise d i rec t i on  and the l oca l  analy t ic  so lut ion w i l l  be 2-D under these 
circumstances except the near wing t i p  and body juncture stat ions.  To be 
consistent for  swept t r a i l i n g  edges, the quasi-2-0 theory should be appl ied i n  
a d i rec t i on  normal to the t r a i l i n g  edge. However, f o r  s i m p l i c i t y  we apply the 
theory i n  the streamwi se d i  r e c t i  on. S i  nce the correct ions are re1 a t i  vel y 
small we bel ieve the simple theory w i l l  be adequate except, perhaps, f o r  very 
h igh ly  swept t r a i l i n g  edges. 
We f o l  1 ow c l  osely the 
I n  
The use o f  
I n  the modif ied theory, correct ions are appl ied t o  the standard coupling 
condit ions t o  account for  normal pressure gradient e f fec ts .  The correct ions 
are appl ied t o  1) the source ve loc i t y  on the wing surface, 2) the jump i n  
source ve loc i t y  i n  the wake and 3) the jump i n  pressure o r  v e l o c i t y  po ten t i a l  
( i  .e., r)  across the wake. I n  addi t ion,  the surface pressure computed from 
the i n v i s c i d  so lut ion i s  corrected to account for  the pressure drop across the 
boundary layer  i n  the t r a i l i n g  edge region. The corrected boundary 
D 
I 
I 
1 
I 
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I 
I 
1 
I 
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conditions, following from Ref. 6, are written i n  the form: 
Source velocity: 
where m, ( s, q )  and m,,,( s, $1 are the classical expressions for  the source 
velocity on the wing a t  section Z = ZK and the jump i n  source velocity i n  the 
+ wake, m ( ste, Z,) and m' ( ste, 5) are  the v 
velocit ies on the upper and lower surfaces of 
edge, s is the arc length  along the wing sect  
ZK), R(s,ZK) and Jw(s) are given i n  terms of 
local t ra i l ing  edge solution i n  Ref. 6. The 
lues of the corrected source 
the wing section a t  the t r a i l i ng  
on and wake. The functions K(s, 
universal functions from the 
orrected pressure di stri bution 
i n  the wake is given by an expression of the form 
where Pe(s,ZK) i s  the corrected pressure distribution on the wake, 
P i ( s , Z K )  i s  the inviscid solution for the pressure on the upper surface of the 
wake and [ P 3 i s  the difference i n  pressure across the wake from the inviscid 
solution. The jump  i n  pressure i n  the inviscid solution is  caused by the wake 
boundary condition imposing the jump i n  velocity potential , r, across the 
wake. The quantity A i s  also given i n  terms of universal functions i n  Ref. 
6. The expression for the pressure distribution on the wing section surface 
is written i n  the form, 
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where % ( s ,  $1 and Pe(s, $1 are the corrected and inviscid surface pressure 
distributions respectively, i s  the jump i n  inviscid pressure across 
the wake evaluated a t  the t ra i l ing  edge. The quantity I(s, 5 )  i s  a 
universal function given from the local t ra i l ing  edge solution and p,(s, Q) 
1 s the pressure correction determi ned from the cl  assi  cal boundary 1 ayer theory 
a s  described i n  Ref. 6. 
4.3.4 Global Iteration Strategy for  the Interaction Solution 
[ P Ite 
The solution procedure for the global i terat ion is  carried out i n  the 
fo l l  owing steps, 
Obtain t h e  inviscid 3-0 solution u s i n g  the AFZ scheme, compute the 
surface vel oci t i e s  and surface flow angles. 
Compute the corrected surface velocit ies and surface flow angles as 
indicated i n  the previous subsection. 
Obtain the 3-D boundary layer and wake solution us ing  the modified 
surface velocities and flow angles from the previous step. 
Compute the coup1 i ng condi t i  on as fol 1 ows : 
1. Compute the surface source velocity distribution and i t s  
contravari an t  equi Val ent from the boundary 1 ayer sol u t i  on. 
Compute the floating wake surface coordinates us ing  the inviscid 
velocit ies,  and obtain the equivalent shear function used i n  the 
i n v i  scid parabol ic  coordinate mappi ng . 
2. 
3. Compute the wake jump condition from the updated wake 
coordinates. 
Go t o  step I.  
There are two se ts  of relaxation factors assigned to the calculations, 
the P i ,  i = 1,2,3, for the inviscid solutions and the relaxation factors V i ,  i 
= 1,2,3,4, for  the boundary layer source f l u x  on the wing, the viscous wake 
source f l u x ,  the floating wake coordinates and the velocity potential jump for  
the wake curvature effect .  
best convergence behavior of the inviscid calculation. The values of V i  range 
from .5 t o  1. 
outer cycle of i terat ion,  the boundary layer calculations are updated a f t e r  
The chosen values of P i  are based solely upon the 
Since the inviscid WZ scheme requires four sweeps per one 
I 
I 
1 
I 
I 
1 
I 
1 
48 
mul t i p les  o f  four sweeps o f  the i n v i s c i d  i t e r a t i o n .  Eight sweeps o f  i n v i s c i d  
i t e r a t e s  are chosen between boundary layer ca lcu lat ions f o r  our computations. 
Our experience ind icates t h a t  the i n v i s c i d  p a r t  o f  the program i s  qu i te  
robust and convergence has been achieved f o r  qu i te  a broad range o f  t e s t  cases 
i nc lud ing  wings o f  p rac t i ca l  i n te res t .  The major requirement f o r  a successful 
convergence ca lcu lat ions f o r  the viscous wing program during a global 
i t e r a t i o n  i s  the avoidence o f  boundary layer computation breakdown. 
modern transonic wing wi th  large t r a i l i n g  edge camber and wing tw is t ,  l a rge  
i nv i  s c i  d pressure gradients can cause a breakdown o f  the boundary 1 ayer 
computation a t  the outset. 
l a r g e  pressure gradients, such breakdowns i n  the i n i t i a l  stages o f  the 
For a 
Since viscous e f f e c t s  general ly smooth out  these 
I 
I 
computation do not necessari ly imply that  a converg 
obtained. Some p rac t i ca l  techniques can be used t o  
example, i f  the computational problem i s  the r e s u l t  
shock l o c a l l y ,  the i t e r a t i o n  can be i n i t i a t e d  a t  a 
number to achieve an intermediate convergence, then 
I 
I 
I 
1 
d so lut ion cannot be 
achieve convergence. For 
o f  too strong an i n v i s c i d  
ower freestream Mach 
the Mach number i s  
progressively increased to the desired value. On the other hand, i f  the 
d i f f i c u l t y  i n  obtaining a boundary layer so lut ion i s  due t o  the complexity o f  
the camber v a r i a t i o n  and wing twis t ,  i t  i s  desirable t o  s t a r t  the i t e r a c t i o n  
s then increased to the desired value. These 
i n  future versions o f  the code. 
a t  a low angle o f  attack which 
techni ques shal l  be imp1 emented 
With a given wing geometry 
the  f ree stream Mach number M, 
a given case requires the spec i f i ca t i on  o f  
Numerical computation i s  performed wi th  an assigned 
the angle o f  attack, a, and the reference 
Reynol ds number Reref. 
mesh and sets o f  re laxa t i on  parameters Pi and Vi. 
layer  t r a n s i t i o n  1 ocation needs t o  be assigned. 
t r a n s i t i o n  l oca t i on  can lead t o  erroneous resul ts ,  as shal l  be discussed i n  
d e t a i l  i n  the next section. A t yp i ca l  converged i n t e r a c t i o n  ca l cu la t i on  f o r  a 
superc r i t i ca l  f low case takes about 10 t o  20 boundary layer  cycles o f  
computation dependent on the r e l a t i v e  d i f f i c u l t y  o f  the case. 
takes about e igh t  cycles o f  boundary layer computation t o  reduce the maximum 
i n v i s c i d  residual to less than lom5. 
I n  addi t ion,  the boundary 
An improperly assigned 
Normally i t  
The convergence h j s to ry  of a typical  case run f o r  the Lockheed Wing A i s  
shown i n  Fig. 11. 
attack a = 1 . 5 O ,  reference Reynolds number Reref = 18 x lo6, and g r i d  
The f ree stream Mach number used was M, = .82, the angle o f  
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distribution (160 x 16 x 3 2 ) .  
number of supersonic points are plotted as a function of iteration numbers. 
calculations i s  about eight minutes using a Cray-1S computer. 
The wing root circulation value and the total 
I The CPU time required for the total thirty c y d e s  of boundary layer 
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5. RESULTS 
5.1 NUMERICAL RESULTS - I N V I S C I D  FLOW 
Results f o r  the ONERA M6 wing o f  Fig. 12 are i l l u s t r a t e d  i n  Fig. 13 
through 22. For M, = .923, a = 0, the computed Cp d i s t r i b u t i o n  i s  given i n  
Fig.  13. 
extending over the length o f  the wing. A comparison with experiment near mid- 
span i s  given i n  Fig. 14. 
well converged a f t e r  32 i t e r a t i o n s .  Figure 16 compares the convergence 
h i s t o r y  o f  the average residual f o r  two var ia t ions o f  the present AFZ method 
with a re laxa t i on  (SLOR) method. The development o f  the supersonic zone f o r  
the three methods i s  shown i n  Fig. 17. Figure 16 seems t o  i nd i ca te  t h a t  SLOR 
e x h i b i t s  a fas te r  convergence a t  the beginning o f  the i t e r a t i o n .  This e f f e c t  
i s  even more pronounced i n  the l i f t i n g  case t o  be considered l a t e r  (Fig. 
21). The convergence o f  SLOR slows dow s i g n i f i c a n t l y  a f t e r  the f i r s t  50 
i t e r a t i o n s  whi 1 e the AF schemes maintain a steady and rap id  convergence 
rate. 
considering the convergence o f  the global aspects o f  the so lut ion such as the 
number o f  supersonic po ints  (Fig. 17) and the l i f t  (Fig. 22). 
It can be seen t h a t  there i s  a large supersonic zone with shocks 
From Fig. 15 i t  can be seen t h a t  the so lut ion i s  
The advantages o f  the AF scheme shows up even more c l e a r l y  when 
Figures 18 through 22 give r e s u l t s  f o r  the same wing (Fig. 12) a t  M, = 
.84 and a = 3.06'. 
can be seen t h a t  the two shocks (one near the leading edge, the other fu r the r  
back) come together as the wing t i p  i s  approached. 
comparison wi th  experimental surface pressures, a t  a spanwi se section near 
mid-span. Figure 20 shows the convergence i n  surface pressure. Figure 21 
shows the convergence h i s to ry  i n  terms o f  average residual .  Again i t  seems 
t h a t  SLOR has a fas te r  i n i t i a l  convergence rate, but  considering Fig. 22 
(development o f  l i f t )  the advantage o f  the AF schemes i s  obvious. 
Figure 18 shows the upper and lower surface pressures. It 
Figure 19 shows a 
The computation o f  the i n v i s c i d  transonic f low about t ransport  type wings 
l i k e  the ONERA M6 i s  r e l a t i v e l y  straightforward. 
are characterized by high aspect ra t i os ,  low sweep, small t w i s t  and s i m i l a r  
a i r f o i l  sections. 
wings are minimal. The r e s u l t s  o f  Fig. 23 and 24 are intended to demonstrate 
the c a p a b i l i t y  o f  the i n v i s c i d  code f o r  computing the f low about h igh ly  3-D 
This i s  because these wings 
The 3-D e f fec ts  i n  the f low f i e l d  about these types o f  
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wings. Figure 23a shows a 3-0 view o f  a low aspect r a t i o ,  h igh l y  swept and 
twis ted wing. The f low f i e l d  about t h i s  wing was computed a t  a f ree stream 
Mach number, M, = .9 and an angle o f  attack, u = 8". The surface pressure 
d i s t r i b u t i o n  a t  three sections are shown i n  Fig. 23b, 23c, and 23d. Figure 
23b shows the r o o t  a i r f o i l  section and the corresponding surface pressure. 
The section l i f t  a t  t h i s  s ta t i on  i s  small because o f  the lower r e l a t i v e  
incidence. 
section load here i s  higher than t h a t  a t  the r o o t  although the section i s  
tw is ted  down r e l a t i v e  t o  the root.  
r o o t  section caused by the large sweep o f  the wing. 
pronounced a t  the t i p  section (Fig. 23d) where the large r e l a t i v e  incidence 
(due t o  upwash) causes a strong shock a t  the leading edge. 
Figure 23c shows computed r e s u l t s  a t  the mid-span section. The 
This e f f e c t  i s  due t o  the upwash from the 
This e f f e c t  i s  even more 
Figure 24a shows the planform and surface isobars f o r  another wing. This 
wing was also run a t  a Mach number o f  M, = .9 and a = 8". The isobars c l e a r l y  
show a two shock pattern before the crank i n  the t r a i l i n g  edge. 
edge and t r a i l i n g  edge shock waves i n t e r a c t  near the wing t i p .  Figure 24b 
shows the a i r f o i l  section and surface pressure a t  the r o o t  o f  the wing. 
Figure 24c shows the mid-span section where the t w o  shocks can be seen 
c lea r l y .  
interacted. The leading edge camber o f  the outboard sections o f  t h i s  wing i s  
shown i n  Fig. 24d. The ef fect  o f  leading edge camber, i n  e l im ina t i ng  strong 
leading edge shocks, i s  demonstrated dramat ical ly by comparing Fig. 24d and 
23d. Both these wings are h igh ly  3-0 and heavi ly loaded a t  t h e i r  t i p s .  
condi t ions usual ly require adjustments i n  the parameters o f  the AFZ i n v i s c i d  
code. For these more d i f f i c u l t  cases the i t e r a t i o n  procedure should be 
underrel axed somewhat, p a r t i c u l  a r l y  f o r  f i n e  gr ids.  The f a c t  t h a t  converged 
so lut ions could be achieved i n  these very d i f f i c u l t  cases ind icates the 
soundness o f  our basic AFZ scheme. 
The leading 
Figure 24d shows the t i p  sect ion a f t e r  the two shocks have 
These 
A comparison of convergence rates using the two f a r  f i e l d  boundary 
condit ions mentioned i n  Subsection 3.1 i s  shown i n  Fig. 25. I n  the f i gu res  
the Sol i d  l i n e  was computed using the expansion o f  the Prandtl  -G1 auert  
equation (Eq 3.1.8) the dashed l i n e  was computed using the o r i g i n a l  condi t ion 
Q = 0 upstream and % = 0 f a r  downstream. Figure 25a shows how convergence i s  
improved using the new f a r  f i e l d  condi t ion.  Figure 25b shows t h a t  the l ift i s  
increased Signi f icant ly  wi th the new condi t ion.  The computed l i f t  using our 
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Prandtl  -G1 auer t  f a r  f i  e l  d boundary condi t ion Eq (3.1.8) seems 1 ess sensi ti ve 
t o  the l oca t i on  o f  the f a r  f i e l d  boundary (i.e., less sensi t ive t o  the 
parameter BOUND). 
which places the outer boundary about 6 cords from the wing. 
The r e s u l t s  o f  Fig. 25 were computed with a BOUND o f  .95 
F 
second 
rates. 
scheme 
gure 26 shows a comparison o f  computed r e s u l t s  using the f i r s t  and 
order a r t i  fi c i  a1 v i  scosi t i e s .  Figure 26a shows these convergence 
The f i g u r e  shows t h a t  the convergence i s  slowed using the second order 
Figures 26b-26j shows sectional surface pressure d i s t r i b u t i o n s  from 
the r o o t  to t i p .  
sens i t ive to the choice o f  the a r t i f i c a l  v i scos i t y  formula. The shock i n  the 
second-order r e s u l t s  i s  sharper ( f o r  example, see Fig. 26g) and the suction 
peak near the leading edge i s  s i g n i f i c a n t l y  reduced. The l i f t  i s  increased 
from CL = .635, f i r s t  order, to $ = .665, second order. 
5.2 VISCOUS INTERACTION RESULTS 
The f igures show t h a t  the pressure d i s t r i b u t i o n s  are a l l  
I n  t h i s  subsection, we present resul ts  computed from the viscous wlng 
program. 
GRUMWING. 
f u r t h e r  develop i n t o  a production code. The i n v i s c i d  r e s u l t s  presented 
e a r l i e r  i n  t h i s  Section were computed with the i n v i s c i d  opt ion o f  the GRUMWING 
program. 
the second volume o f  the report.  
The computer program developed f o r  the present program i s  designated 
The present version o f  the code i s  a p i l o t  code which we expect t o  
De ta i l s  o f  t h i s  program are given i n  the user 's manual included as 
The r e s u l t s  presented i n  t h i s  section were obtained f o r  the Lockheed 
Wings A and B described i n  the repo r t  o f  Hinson and Burdges (Ref. 48). 
p a r t i c u l a r  s ign i f icance i n  t h e i r  work i s  the f a c t  t h a t  special a t ten t i on  had 
been paid to the ef fects  o f  the fuselage on wing pressure data so t h a t  
meaningful comparisons can be made for an analysis method wi th  wing alone. 
Shown i n  Fig. 27 and Fig. 28 are the wing planform and wing a i r f o i l  sections 
f o r  the Wing A and the Wing B y  respectively. Wing A i s  a transonic wing o f  
t ranspor t  type. 
25'. 
aspect r a t i o  o f  3.8, and quarter chord sweep o f  30'. The nominal t e s t  
Reynolds number f o r  the experiments based on the mean aerodynamic chord was Re 
= 6 x lo6 f o r  Wing A and Re = 10 x lo6 f o r  Wing 8. 
O f  
It has an aspect r a t i o  o f  8, and quarter chord sweep o f  
Wing B i s  a f i g h t e r  type wing designed f o r  transonic cruise.  It has an 
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5.2.1 Boundary Layer Trans1 ti on Assi gnment 
I t  has been known that  inappropriately selected t ransi t ion p o i n t s  can 
lead to unreal is t ic  results even when the computation proceeds without any 
apparent diff icul ty .  In this section we shovJ resul ts  of computations w i t h  
varying transit ion point locations that  give some indications of the 
sens i t iv i ty  of the solution to the choice of t ransi t ion point location. 
I n  order to  demonstrate the effects  of the t ransi t ion point locations on 
the solution, computations were carried out for a variety of t ransi t ion 
locations for the Lockheed Wing A a t  M, = .82, a = lo, Re = 5 x lo6 using a 
(160 x 16 x 32) grid. Shown i n  Table 1 are  the t ransi t ion resu l t s  for runs 
us ing  assigned transit ion locations of 0, 2.5, 5, 7.5, and 10% chord, on the 
upper and lower surfaces. 
upper surface a t  8.8 chord. For this case, the transit ion specification i s  
overridden and transit ion i s  se t  a t  the laminar separation point. 
cases, tu rbulen t  separation occurred on the lower surface which is physically 
unrealist ic and is due to the assignment of the t ransi t ion point too fa r  
forward on the lower surface. To show t h i s ,  four runs were made for the same 
Mach number, angl e of attack, reference Reynol ds  number and transi t i  on point 
location (10% chord) on the upper surface. 
t ransi t ion locations on the lower surface of 20, 40, 60, and 80% chord. 
Results are shown i n  Table 2. I t  is  seen that  a l l  four cases end up w i t h  
t ransi t ion on the upper surface set a t  8.2% chord (laminar boundary layer 
separation) induced by the large suction peak i n  the pressure distribution. 
The turbulent boundary layer on the upper surface remains attached. The 
solution on the bottom surface separates a t  88.2% when the transit ion p o i n t  i s  
set a t  20% chord. For t ransi t ion point a t  40% the flow remains ful ly  
attached. 
chord, the transit ion occurs naturally a t  47.8% chord due t o  laminar boundary 
layer separation resulting i n  identical solutions w i t h  no turbulent 
separation. 
For the l a s t  case laminar separation occurs on the 
For a l l  
Calculations were run w i t h  
In the remaining two cases of assigned transit ion a t  60 and 80% 
From the above discussion, i t  i s  clear  that  the solutions can be 
sensitive t o  the trans1 tion point location, particularly when the transi tion 
point on the lower surface is s e t  f a r  forward. For a typical transonic wing 
geometry, the transition point on the upper surface should be se t  just down 
stream of the suction peak. For the lower surface, i f  the computation i s  made 
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for wind tunnel data comparisons, the separation p o i n t  should be set a t  the 
1 ocati on where the boundary 1 ayer i s  tri pped, otherwi se, the transi t i  on 
location should be set a t  far  enough downstream of the leading edge tb insure 
natural t ransi t ion.  
5.2.2 Reynol ds  Number Dependence of Viscous Wi ng Sol u t i  on 
Computations were made to  study the Reynolds number dependence of the 
theoretical solutions. The computations are for the wing A a t  M, = 0.82 and a 
= 1.5'. 
8M, 10M, 12M, 14M, and 16M, respectively. 
smaller integration steps i n  the boundary layer solution i n  order to avoid 
unreal i st ic results associated w i t h  the momentum thickness becoming 
negative. The results for  the l i f t  variation w i t h  Reynolds number are shown 
i n  Fig.  29. There i s  a strong Reynolds number effect for Re c 8 x lo6. The 
l i f t  levels off quite rap id ly  beyond 10M i n d i c a t i n g  t h a t  the results of free 
f l i g h t  chord Reynolds number i n  the lOOM - ZOOM range can be extrapolated from 
the present results. The inviscid, large Reynolds number limit for the l i f t  
coefficient i n  this case is  CL = ,637 as determined from an inviscid 
cal cual t i  on. These resul t s  show that very 1 arge Reynol d s  numbers are requi red 
to approach the inviscid limit and that  viscous effects will be very important 
even a t  f l i g h t  Reynolds numbers. 
5.2.3 Solution for Pressure & Section Li f t  Distributions & Comparison w i t h  
kxper i men t 
Reference Reynolds numbers for the seven cases were, 5M (5 mill ion) ,  
The runs above Re = 1OM required 
In this section, we compare solutions for the pressure d i s t r i b u t i o n ,  
l i f t ,  and drag w i t h  experimental data for  Lockheed Wings A and 6. 
pressure distributions given here are the composite pressure as given by Eq 
(4.3.8) and (4 .3.9) .  The freestream Mach number, M, and chord Reynolds 
numbers were matched w i t h  those of Lockheed test  cases. 
were tripped a t  5% chord from the leading edge. 
attack of the wind tunnel test  are subjected to  major uncertainties due t o  
wall interference, we carried the computations ou t  a t  an angle of a t tack 
chosen t o  closely match experimental values of t o t a l  l i f t .  
The 
The boundary layers 
Since the effective angles of 
For the Wing A 
attack a was set t o  
and a g r i d  of 160 x 
boundary layer run, 
r u n ,  the free stream Mach number M, was .82, the angle of 
2",  the reference Reynolds number Reref was six m i l  1 ion 
16 x 32 was used. In addi t ion to a 5% chord tripped 
a natural transit ion run ms made for  comparison. 
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Furthermore, an i n v i s c i d  run was also made f o r  the same M, and a. 
special was required t o  achieve a converged solut ion.  
residual  was down to less  than 
computations or ninety i n v i s c i d  f ine g r i d  sweeps. 
pressure was accurate t o  w i th in  and CPU time was about three minutes on a 
Cray-1S computer. O f  t h i s  about 2 minutes of CPU time was for the computation 
o f  the i n v i s c i d  solut ion. The convergence h i s t o r y  of the t o t a l  number o f  
supersonic po ints  and the wing r o o t  section c i r c u l a t i o n  are shown i n  Fig. 
30. The pos i t i on  o f  the f loat ing wake was the l a s t  quant i ty t o  converge. 
Figure 31 shows the convergence h i s to ry  o f  the l a s t  p o i n t  o f  the wake a t  the 
wing r o o t  section as a funct ion o f  boundary l aye r  i t e r a t i o n .  
wake a t  t h i s  section i s  shown i n  Fig. 32. 
Nothing 
The maximum i n v i s c i d  
a f t e r  about 10 cycles of boundary l aye r  
A t  t h i s  p o i n t  the i n v i s c i d  
The converged 
The r e s u l t s  show t h a t  f o r  the natural t rans i  t i o n  case, the t r a n s i t i o n  
occurred a t  8.1% chord on top of the wing and 50% chord on the bottom 
surface. The resu l t s  f o r  the forces are shown i n  Table 3. It i s  seen t h a t  
the wing l i f t  coef f ic ients ,  CL, and drag coe f f i c i en ts ,  CD, f o r  the two 
t r a n s i t i o n  ca lcu lat ions are r e l a t i v e l y  close to each other. The two t r a n s i -  
ti on ca l  cu l  at ions gave d i  f ferent  boundary 1 ayer sol u t i  ons and hence d i  f fe ren t  
f r i c t i o n  drags. This w i l l  be discussed i n  the next section. The CL f o r  the 
viscous so lut ion ( t r ipped boundary l aye r )  was .536 as compared w i th  the 
i n v i s c i d  value o f  .749. The experimental value o f  CL was .53 a t  a nominal 
angle o f  attack o f  2.9" (compared to the a = 2" used i n  the comutation). 
Resul t s  f o r  section pressure d i  s t r i  butions ( f o r  the tri pped boundary 
l aye r  case) are show i n  Fig. 33a - 33e for  n = .15, .30, .50, .70, and .95, 
respect ively,  where n i s  the sectional distance from the wing r o o t  normalized 
wi th  the h a l f  span. Shown also are the i n v i s c i d  pressure d i s t r i b u t i o n s  a t  the 
sane f ree  stream Mach number (M, = .82) and angle o f  at tack ( a  = 2") as w e l l  
as the experimental resul ts .  
Reynolds number (6M) i s  qu i te  strong. 
shock strength becomes much weaker r e s u l t i n g  i n  a much lower l i f t .  
viscous e f f e c t  on the bottom wing surface i s  r e l a t i v e l y  small. 
for the poor agreement o f  the pressure d i s t r i b u t i o n  w i th  the data on the lower 
surface near the t r a i l i n g  edge are not understood a t  t h i s  t i m e .  
comparisons f o r  span load d i s t r i b u t i o n s  f o r  the same case are shown i n  Fig.  
34. We note again the vast dif ferences between the viscous and i n v i s c i d  
It i s  seen t h a t  the viscous e f f e c t  a t  t h i s  
Shock l o c a t i o n  i s  s h i f t e d  upstream and 
The 
The reasons 
The 
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solution fo r  the section l i f t  d i s t r i b u t i o n .  
converged viscous solution are shown i n  Fig. 
the wing and wake for  the t o p  and the bottom 
The isobar plots for the 
35. Pressure d i s t r i b u t i o n s  on 
surface's are di s p l  ayed. Because 
of the viscous e f fec ts ,  the shock patterns differ greatly from those i n  the 
inviscid solution. 
bottom surface shows relatively smooth flow patterns w i t h  no shock waves. The 
pattern is "2-0" l ike  on the lower surface except near the wing t i p  region. 
The lambda type shock pattern is clearly exhibited. The 
For the Wing B runs, the free stream Mach number was M, = . 9 ,  the 
Reynolds number Reref was 10 million and the boundary layers were t r ipped  a t  
5% chord to  match the experimental values. The computation g r i d  was (128 x 16 
x 32) .  
w i t h  the nominal experimental value of a =  3.9". The resul ts  for section l i f t  
dis t r ibut ions a t  I-I = .2, .4 ,  .6 ,  .8, and .95 and wing loadings are shown i n  
Table 4. Because of higher Reynolds number, i t  is  seen that  the 1 i f t  resul ts  
fo r  the viscous flow calculation differ by only about 10% from the inviscid 
values. The experimental value of CL was .49 a t  a nominal angle of attack of 
a = 3.9". Sectional pressure d i s t r i b u t i o n s  for both the viscous and inviscid 
calculations a t  a = 3.5" are shown i n  F i g .  36a - 36e for  n = . 2 ,  .4 ,  .6 ,  . 8 ,  
and .95,  respectively. The span load distribution for  the same case is shown 
i n  F ig .  37. The overall viscous effects  are small as compared to the Wing A 
computations which is  consistent w i t h  t h e  difference i n  Reynolds numbers i n  
these two cases. 
Two angles of attack a = 3" and a = 3.5" were run i n  order t o  compare 
5 . 2 . 4  Boundary Layer & Wake Solutions 
In this section, we present solutions for some of the boundary layer 
quanti t i e s  from the resul ts  of the converged v i  scid-invi scid interaction 
solution. For Wing A calculations a t  M, = .92,  a = 2" and Reref = 6 x lo6, 
two solutions are presented, one for tripped transit ion (5% chord) and one for  
natural transit ion.  The resul ts  for the displacement thickness P ,  the 
momentum thickness ell ,  the s k i n  f r ic t ion Cf and the shape factor R a t  the 
mid span s ta t ion are given i n  Fig.  38 - 41, respectively. In the natural 
transit ion case, the transit ion point on the upper surface occurred a t  8.1% 
chord. The two solutions on the upper surface are vir tual ly  identical .  On 
the bottom surface, natural transit ion occurred a t  50% chord compared to the 
5% location of the f ixed transit ion case. The solutions on the lower surfaces 
differ  significantly.  The displacement and momentum thicknesses are much 
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smaller i n  the natural t r a n s i t i o n  runs as shown i n  Fig. 39. The comparison o f  
the sk in  f r i c t i o n  resu l t s  shown i n  Fig. 40, ind icates t h a t  natural  t r a n s i t i o n  
w i l l  r e s u l t  i n  a smaller f r i c t i o n  drag due to a l a r g e r  area o f  the wing 
surface covered by 1 ami nar f l  ow. 
The i s o c l i n e  resu l t s  for  the t r ipped t r a n s i t i o n  run are shown i n  Fig. 42a 
- 42f. Both the top and the bottom wing and wake surface p l o t s  are shown. 
The i soc l i nes  f o r  the surface v e l o c i t y  are shown i n  Fig.  42a. 
i s  the converged in te rac t i on  "i nvi  sc id  sol u t i  on" w i  t h  t r a i  1 i ng edge strong 
i n t e r a c t i o n  corrections. It i s  seen t h a t  the contours are qu i te  s im i la r  to 
those o f  the isobar r e s u l t s  shown i n  Fig. 35. On the top wing surface, the 
lambda shock s t ructure i s  r e s t r i c t e d  to about 40% o f  the h a l f  span region from 
the wing root.  
ef fects.  
i s  re1 a t i v e l y  small. The wing t i p  e f f e c t s  are apparent as shown i n  the 
r e s u l t s  o f  surface ve loc i ty  angle 
are seen near the t i p  and towards the t r a i l i n g  edge and i n t o  the wake. It i s  
also seen t h a t  the contours o f  the surface ve loc i t y  angle i n  the wake f o r  the 
top and the bottom surfaces are qu i te  s im i la r  i n d i c a t i n g  t h a t  the viscous wake 
i n  t h i s  case does not have a very complicated 3-D structure.  
l a y e r  solut ions f o r  the displacement thickness 6 k ,  the momentum thickness ell, 
the shape fac to r  
Fig.  42c - 42f, respectively. 
curious wake d i s t r i b u t i o n  on the top surface where a moderate gradi-ent i n  the 
spanwise d i r e c t i o n  i s  shown near the wing r o o t  region. This r e f l e c t s  the f a c t  
t h a t  more rea l  i s t i c  w i  ng r o o t  boundary condi ti ons are probably required. Thi s 
aspect i s  beyond the scope o f  the present study. 
shape fac to r  fl i s  the most sens i t ive p a r t  o f  the boundary l a y e r  
ca lcu lat ion.  
spanwise gradient f o r  fl near the i n te rsec t i on  o f  the t w o  shocks. Boundary 
l a y e r  computations can break down i f  the shocks are t o o  strong. 
stage, the spanwise gradient gradually decreases as the viscous e f f e c t  sets i n  
and shocks become weaker. The converged r e s u l t s  f o r  FI i s  shown i n  Fig. 
42e. 
the external i n v i s c i d  streamline i s  shown i n  Fig. 42f. 
The va r ia t i on  of 8 i s  r e l a t i v e l y  m i l d  except near the outboard and t r a i l i n g  
edge region on the bottom surface, where most of the spanwise f low occurs. 
This ve loc i t y  
I n  t h i s  region, the boundary l aye r  exh ib i t s  more 3-D 
On the bottom wing surface, the spanwise va r ia t i ons  o f  the so lu t i on  
i n  Fig. 42b. Relat ive ly  l a rge  gradients 
I 
The boundary 
and the l i m i t i n g  wall streamline angle B are shown i n  
The displacement thickness 6k has a rather  
From our experience, the 
A t  ear ly stages o f  the i n te ra t i on ,  there i s  r e l a t i v e l y  large 
A t  a l a t e r  
The d i s t r i b u t i o n  o f  the l i m i t i n g  wall streamline dev iat ion angle B f r o m  
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6. CONCLUSIONS 
The p r i  nc i  p le  concl usions o f  t h i  s repor t  are: 
The approximate f a c t o r i z a t i o n  scheme ( A F Z )  used i n  the i n v i s c i d  
ca l cu la t i on  presented i n  t h i s  report  i s  as e f f i c i e n t  as any state-of-  
t he -a r t  scheme avai l  ab1 e today. I n c l  usion o f  the Prandtl -G1 auer t  f a r  
f i e l d  boundary condi t ion made the scheme faster  and more r e l i a b l e .  
Extending the method to second-order accuracy i n  the supersonic zone 
affected the so lut ion s i g n i f i c a n t l y  i n  c r i t i c a l  areas (i .e., leading 
edge and wing t i p ) .  The assumption o f  i r r o t a t i o n a l  f low does 
introduce some inaccuracies, p a r t i c u l a r l y  f o r  strong shocks. The use 
o f  the Euler equations inay be an a l te rna t i ve  but t h e i r  so lu t ion would 
requi re more computing t i m e  and memory. In  addit ion, the Eul e r  
equations may introduce addit ional computational d i f f i c u l t i e s .  
The 3-0 boundary layer  equations r e s u l t i n g  from the in teg ra l  method 
formul a t i o n  are very complex. There i s  room f o r  improvement i n  the 
so lu t i on  method o f  these equations. The lack o f  a complete set  o f  
physical boundary condi t ions a t  the t i p  and r o o t  sections forces us 
to use a r b i t r a r y  zero gradient condi t ions a t  these s tat ions and t h i s  
introduces e r ro rs  on the wing i n  the region o f  in f luence o f  these 
points. For high aspect transport wings, er rors  introduced i n  these 
regions are m a l l  and the consequences are not too important f o r  
engineering purposes. However, t h i s  w i l l  not be the case f o r  h igh l y  
swept, low aspect r a t i o  f i gh te r  type wings. 
The r e s u l t s  i nd i ca te  tha t  the wing loadings are strongly con t ro l l ed  
by the i n v i s c i d  solut ions which are af fected by the g r i d  reso lu t i on  
and d i s t r i b u t i o n .  
The " d i r e c t  mode" boundary l a y e r  analysis as employed i n  the present 
study has a supr is ing ly  large region o f  v a l i d i t y .  While the " inverse 
mode" boundary layer  analysis has proved very successful i n  2-0 
studies wi th  small separated region, the method has y e t  to be 
expl ored i n 3-0 boundary 1 ayers. 
separation i s  inherent ly  more complex and very l i k e l y  cannot be 
adequately t reated by extension o f  the 2-0 inverse methods. 
Three-dimensional boundary 1 ayer 
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o The present investigation has demonstrated t h a t  the "zonal I' approach 
i s  a practical procedure for computing viscous flows over real i s t ic  
wings a t  transonic speeds. 
cases although many areas of improvement are required to achieve 
accuracies comparable to our 2-D viscous airfoil  codes, GRUMFOIL. 
Results are qualitatively good in many 
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